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Introduction

The aim of this work is to portray a very recent method for the experi-

mental reconstruction of the eigenmodes of the radiation generated through

high-gain parametric down-conversion. The possible applications for this

radiation, e.g. quantum information and quantum imaging, motivates the

efforts towards a complete characterisation of the properties, in order to

approach the concrete usability in the near future.

In fact for this specific case, the shapes and the weights of the spatial

modes are not analytically known, and here the sole measurement of a con-

sistent number of two-dimensional transverse intensity profiles in the far

field enables the identification of such information.

Parametric down-conversion is an optical process that generates non-

classical light in pairs of photons, when a beam hits a nonlinear birefringent

medium under certain conditions. The nonclassicality derives from the fact

that quantum entanglement occurs, i.e. independent description (for in-

stance position or angular momentum) of the two parts of the pair proves

to be incomplete. Quantum theory proves then to be the only coherent

framework for a phenomenological explanation.

Another quantum phenomenon occurring for parametric down-conversion

is squeezing. So-called quadrature observables are introduced to represent

optical fields and the product of uncertainties associated with pairs of non-

commuting quadratures is bounded from below by the Heisenberg’s princi-

ple. Squeezing occurs when the uncertainty on one of the quadratures is

smaller than the other and their product is the minimum possible.

The state of the radiation generated through parametric down conver-
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INTRODUCTION

sion is called squeezed vacuum and it can be shown to be originated from

enhancement of vacuum fluctuations in particular.

The gain of the process is a quantity proportional to the amplitude of

the incident beam, length of the medium and size of the nonlinearity, and

it allows distinction between spontaneous and high-gain parametric down-

conversion. The states created by the latter are called bright squeezed vac-

uum, because the number of photons created can be very large.

Parametric down-conversion can be employed in quantum information

theory, since entanglement has many applications (e.g. secure information

transmission [1], quantum imaging [2, 3]). This is especially true for the

high-gain case, where the original beam has very high power. Moreover

entanglement is manifested at a macroscopic level for the observable pho-

ton number [4]. Bright squeezed vacuum has been proposed for and used

in quantum differential imaging as well, with very high resulting sensitivity

that beats the quantum limit imposed by shot noise [5, 6].

Squeezed vacuum obtained in the high-gain regime is generally mul-

timode and the modal content is conveniently portrayed with particular

eigenmodes, called Schmidt modes, for frequency and spatial variables. In

particular, in this thesis the focus is on spatial variables.

Schmidt modes are obtained via decomposition of the two photon ampli-

tude, whose square is the probability of emission of two photons with defined

frequencies and momenta. They are very useful, because they minimise in-

termodal correlations: the individual mode describing the first photon of

the pair has correlated properties only with its correspondent mode for the

second [7]. This is not true for plane wave decomposition.

Schmidt decomposition of parametric down-conversion, under specific

approximation (called double Gaussian) [8], can be very well described with

Laguerre - Gaussian [7, 9, 10], or alternatively Hermite - Gaussian [11],

modal decomposition, which are analytically well-known. The difference

between low-gain and high-gain regimes remains only in different weights

for the modes.

In this work bright squeezed vacuum has been obtained via interference

of high-gain parametric down-conversion generated by two nonlinear crys-
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INTRODUCTION

tals, separated by an air gap of few centimetres and put into a common

excitation beam. In this case it is difficult to even provide a well-suited

analytical shape for the modes, therefore the need of numerical procedures

to determine the shapes of the spatial modes and the interest in their ex-

perimental reconstruction with correlated weights.

The parametric down-conversion generated separately by the two crys-

tals results in interference, which is possible because of differences in the

refractive index of air for excitation beam and parametric down-conversion.

Zero intensity in the collinear direction can be achieved for a certain dis-

tance between the two crystals and, in general, concentric rings can be

observed [12]. The out-coming radiation is shown to have a very rich orbital

angular momentum content [13], which can be tuned by varying the relative

position between the two crystals.

The orbital part of total angular momentum originates from the spatial

distribution of electromagnetic fields and its effect needs to be summed up

with the spin angular momentum, related to the polarisation state of the

field [14]. Orbital angular momentum modes have recently gained attention

from scientific community (see for instance [15–18]), because of their pe-

culiarities. In fact they allow multidimensional information to be encoded

into their different components [19, 20] and they are extremely sensitive to

rotating objects [21, 22] or even used to impart mechanical rotation to small

particles [23].

This thesis focuses on the determination of shapes and weights for Schmidt

radial and azimuthal modes of high-gain parametric down-conversion and it

is organised as follows.

Chapter 1 provides the basic concepts of classical and quantum optics

for the investigation of the radiation under study and it summarises the

relevant features, ranging from brightness to orbital angular momentum.

Chapter 2 briefly introduces the theoretical framework that enables the

reconstruction of the Schmidt modes from covariance. The link between the

probability of emission of photons and covariance is discussed in detail.

Chapter 3 is dedicated to the employed experimental setup and it de-
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INTRODUCTION

scribes the specific functions of the most important components, providing

useful practical tips.

Finally, chapter 4 explains several aspects involved in the process of

reconstruction, along with the original results obtained in this work.
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Chapter 1

Parametric down-conversion

The first chapter constitutes the theoretical basis for the explanation of

the physical phenomenon studied in this thesis: parametric down-conversion

(PDC). Here it is presented a brief overview on the classical point of view

for linear and nonlinear optical processes. Then the attention is shifted to

practical possibilities of satisfying necessary conditions for the observation

of the considered phenomenon, which can be achieved in nonlinear birefrin-

gent crystals. The chapter proceeds onto explaining the origin and prop-

erties of PDC in the quantum-mechanical picture, which proves to be the

only approach for a coherent description of this process. The last sections

are dedicated to a specific experimental arrangement made up of two non-

linear crystals, often called “nonlinear interferometer”, and to an interesting

feature of PDC, orbital angular momentum.

1.1 Parametric down-conversion cut to the bone

Early works, where parametric down-conversion was experimentally ob-

served, were published in 1967 by Harris et al. [24], Magde et. al. [25] and

Akhmanov et al. [26] and this phenomenon was already theoretically pre-

dicted [27]. The initial name of “optical fluorescence” [24] or “parametric

luminescence/superluminescence” [26] was given in analogy with phenom-

ena described by laser physics, but at present it has been changed, since

there is no absorption and consequent re-emission involved in the process.
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CHAPTER 1. PARAMETRIC DOWN-CONVERSION

One of the early description, by Klyshko et al. [28], defines PDC as a

“scattering process in which an incident radiation photon decays into a pair

of photons (ω3 → ω1 +ω2) as a result of interaction with the electrons of the

medium”. The Lorentz model, in fact, portrays atoms as oscillators, driven

by electromagnetic (EM) radiation at a certain frequency ω3 (frequently

called pump), and calculates anharmonic restoring forces that lead to the

displacement of electrons [29]. This classical approach fails to predict the

existence of PDC, which is explainable only by considering quantum fluctu-

ations of vacuum as well. When amplified by the pump, these fluctuations

result in emission of radiation at frequencies ω1 and ω2 (which take the name

of signal and idler) providing that ω1 + ω2 = ω3. This can happen only for

sufficiently strong interaction with the medium and the relevant parameters

for the process to happen are pump peak power, second nonlinear electric

susceptibility χ(2) and length of interaction.

A schematic visualisation of PDC is given in fig. 1.1, where a sketched

photon of higher frequency is converted into two of lower frequency when

passing through a nonlinear medium.

Figure 1.1: Illustration of parametric down-conversion process. A pump photon

(light blue) is converted through interaction with the medium into two photons

(red-fuchsia and orange).

1.2 Tensors of electrical susceptibility

The concept of electrical susceptibility can be introduced though the

polarisation density ~P , a vector that expresses the density of electric dipole

moments in a dielectric material, i.e. the response to the excitation of an
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CHAPTER 1. PARAMETRIC DOWN-CONVERSION

external EM wave whose electric field is ~E,

~P (~r, t) = ε0χ
(1) ~E (~r, t) + ε0χ

(2) ~E (~r, t) ~E (~r, t)

+ε0χ
(3) ~E (~r, t) ~E (~r, t) ~E (~r, t) + ...,

(1.1)

where ε0 is vacuum permittivity, χ(1) and χ(2), χ(3) are respectively tensors

of linear and nonlinear susceptibilities, while (~r, t) is the dependence on

position ~r and time t. One needs to be careful to the multiplications in (1.1)

since they are tensorial scalar products and aimed at obtaining a vector as

a result. For this reason tensors have different rank as well.

The elements of the tensors χ are determined by the symmetry of the

atomic structure of the material considered. For instance χ(2) is a tensor of

rank three, but due to symmetries only few elements are proven to be inde-

pendent, and in general only those media who lack of an inversion symmetry

centre can lead to non-zero χ(2n) tensor elements [29].

In the previous formula (1.1), it is assumed that susceptibility is not

strongly dependent on frequency (lossless media), as the spectral range con-

sidered in this thesis is assumed to be far from resonances and this does not

affect the features of PDC. Another assumption is that there is no depen-

dence on position since all the material considered are spatially homogeneous

on the EM field’s wavelength scale.

1.3 Classical three-wave mixing

Linear optics can be understood considering only the linear polarisation

~P (L) (first term of summation in (1.1)), that defines the linear refractive in-

dex n of a material. On the other hand nonlinear effects, such as PDC, can

only be described by further terms, whose sum is called nonlinear polarisa-

tion ~P (NL), with quadratic, cubic and n-th power dependence of polarisation

on the electric field.

The main interest in the nonlinear polarisation is that, in analogy with

the inhomogeneous equation for an oscillator, the wave equation in nonlinear

optical media contains a disturbance term dependent on ~P (NL) that can act
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CHAPTER 1. PARAMETRIC DOWN-CONVERSION

as a source of new fields [29]

−∇2 ~E +
n2

c2

∂2 ~E

∂t2
= − 1

ε0c2

∂2 ~P (NL)

∂t2
(1.2)

where c is the velocity of light in vacuum.

Considering two strong electric fields with different frequencies ω1 and

ω2 impinging on a χ(2) material, one can observe emission of radiation at

frequency ω3 6= ω1/2 due to nonlinearity. It can be shown classically the

possibility of creation of a field with doubled frequency 2ω1 or 2ω2 (second

harmonic generation SHG), sum or difference ω2 +ω1 or ω2−ω1, and this is

usually [29] referred as classical three-wave mixing. The number of possible

processes with three fields impinging on a material with non-zero χ(3) sus-

ceptibility is even higher (for instance third harmonic generation THG), but

their efficiency remains related to the strength of the nonlinearity, usually

very low.

The observation of these processes is subject to specific conditions for

the matching of the phase of the fields involved, as it will be discussed in

the next section.

In quantum picture, the second-order polarisation does not necessarily

have to be driven only by macroscopic fields. For PDC in fact, the ~P (NL) is

excited by the fluctuations of the quantum vacuum, rather than oscillation

of electrons. This approach will be considered in section 1.5.

1.4 Phase matching conditions

The word parametric denotes a process such that the initial and final

quantum-mechanical state of the material involved are identical. This means

that general laws of conservation apply, i.e. no energy or momentum is

transferred to the medium, nor removed, and following relations between

the frequencies and momenta of the three photons are valid:

ωp = ωs + ωi, (1.3)

~kp = ~ks + ~ki, (1.4)

where ω and ~k are frequency and momentum of electric fields inside the

material, while subscripts p, s, i refer to pump, signal and idler.
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CHAPTER 1. PARAMETRIC DOWN-CONVERSION

Moreover parametric processes can be described using only real suscep-

tibility. Dissipation of energy is proportional to ~E · ~J = ~E ·∂ ~P/∂t [30], with

~J current density vector, and it can be proven to be dependent only on the

imaginary part of χ.

Equation (1.4) is generally referred to as phase matching condition, since

the wave vectors contain information about spatial phase of the fields. For a

given set of frequencies, the emission of PDC constructively builds up along

the crystal only if the phase is matching, i.e. parallelogram law is valid for

wave vectors, and relations between the moduli of wave vectors in (1.4) gives

kp =
√
k2
s + k2

i + 2kski cos γ ≤ ks + ki, (1.5)

where γ is the angle between ~ks and ~ki. The inequality in (1.5) can be linked

to the refractive indices and frequencies through k = nω
c and it reads

npωp ≤ nsωs + niωi, (1.6)

Phase matching conditions are the same for a classical three-wave mixing

process, called sum frequency generation (SFG). In this sense, the situation

here considered has a classical counterpart, where two photons at a certain

frequency ω1 and ω2 can annihilate to form another one with frequency

ω3 = ω1 + ω2.

If γ = 0, according to (1.5), the two vectors ~ks and ~ki will be collinear

with the pump and (1.5) will be enforced with the equal sign, hence the

name collinear PDC. The name noncollinear is used for every other case.

Degenerate PDC occurs when signal and idler have the same frequency

ωs = ωi = ωp/2. This thesis is focused only on the degenerate nearly-

collinear case for PDC (or slightly non-degenerate). In this case, the phase

matching condition for the refractive indices (1.6) reads:

np =
ns + ni

2
= ns = ni. (1.7)

This relationship cannot be fulfilled in materials with isotropic refractive in-

dex, because normal dispersion (dn/dω > 0) predicts bigger refractive index

for higher frequency. This limitation can be overwhelmed by birefringent

crystals, discussed in appendix A.
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CHAPTER 1. PARAMETRIC DOWN-CONVERSION

For a negative uniaxial crystal and in the case of a pump polarised ex-

traordinary, phase matching can be achieved only if signal and idler are

polarised ordinary and the name type I PDC is used. If the pump is po-

larised ordinary, signal must have same polarisation and idler is polarised

extraordinary. This second case goes under the name of type II PDC and it

will not be discussed in this work.

In order to find a proper material for generation of PDC, one has to

match these conditions in a material with sufficiently high second-order

nonlinear susceptibility. β-barium borate, shortened BBO and described

in appendix C, is a crystal that meets these characteristics and will be em-

ployed in the setup.

In the noncollinear regime, the refractive index of the pump must be

smaller in order to satisfy (1.6) with the “less than” sign. Signal and idler are

emitted along cones with axis concentric to the pump wave vector, as shown

in fig. 1.2. Mimicking experimental conditions, pump in this figure is chosen

to be at UV wavelength 354.6 nm (its fluorescence on paper appears light

blue to human eye) and degenerate PDC will result at infrared wavelength

709.3 nm. According to conservation laws (1.3) and (1.4), if the signal is

produced with wavelength towards orange (for instance 600 nm), idler must

be shifted towards near-infrared (869 nm, here shown in red-fuchsia).

Figure 1.2: Noncollinear type I PDC. A pump beam polarised extraordinary,

focused on a second-order nonlinear crystal, produces degenerate PDC within an

annulus (transverse section of the cone in red). Deviation from degeneracy will

produce two coupled cones at frequencies satisfying energy conservation.
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CHAPTER 1. PARAMETRIC DOWN-CONVERSION

It is worth noting that this classical approach cannot predict the rigorous

probability of emission dependent on the angle and wavelength of signal and

idler, but it only imposes necessary conditions. To find most probable cases

of creation of these two photons, one assumes there can be phase mismatch

and obtains the so-called tuning curve [31, 32] (see section 1.5.3).

1.5 Quantum theory of parametric down-conversion

Classical optics discussed until here provides fundamental explanation

for processes of wave mixing such as SFG, but fails to predict the existence

of PDC itself, as generation is triggered by an essentially quantum phe-

nomenon. Vacuum field fluctuations will be discussed in this section, along

with basics of the interaction between optical fields and matter.

1.5.1 Quadratures and the vacuum field

In comparison to the quantum harmonic oscillator, a monochromatic

and linearly polarised electric field with wave vector ~k can be described in a

quantum-mechanical framework, if the photon-number state representation

is introduced. In the latter the eigenstates
∣∣n~k〉 are characterised by number

of photons n in the mode ~k [33]. One renounces to write down a macroscopic

amplitude for the field, but considers its operatorial representation, as sum

of positive and negative frequency components with vacuum amplitude,

Ê(~r, t) =

∫
~k
A(k)

(
â(~k)ei(

~k·~r−ω(k)t) + â†(~k)e−i(
~k·~r−ω(k)t)

)
d~k

with A(k) =

√
~ω(k)

2ε0n(k)V
,

(1.8)

where A(k) is the amplitude of vacuum field and the operators â(~k), â†(~k)

correspond to photon annihilation and creation for mode with wave vector

~k, and they satisfy the commutation relation
[
â, â†

]
= 1.

In this picture, the energy of a quantum oscillator is E =
(
n+ 1

2

)
~ω,

where n is a quantum number labeling the states |n〉, and vacuum field can

be introduced because of zero-point energy 1
2~ω. It is considered to be a

randomly fluctuating field related to this energy and present everywhere
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CHAPTER 1. PARAMETRIC DOWN-CONVERSION

(even in complete vacuum |0〉) with every possible frequency.

Equivalent description of optical fields can be obtained using the quadra-

ture fields operators [34]

X̂1 =
1

2

(
â† + â

)
, X̂2 =

1

2
i
(
â† − â

)
, (1.9)

that satisfy the commutation relation
[
X̂1, X̂2

]
= i/2. The uncertainties

∆X̂i (i=1,2) satisfy the Heisenberg uncertainty relation(
∆X̂1

)2
·
(

∆X̂2

)2
≥ 1

16
.

It can be shown with simple calculation that for vacuum state these are

minimal ∆X̂1 = ∆X̂2 = 1
2 and that 〈0| X̂1 |0〉 = 〈0| X̂2 |0〉 = 0, as shown in

fig. 1.3.

Figure 1.3: Quadrature fields for vacuum states. The circle is centred at the

origin, because the mean of both quadratures is equal to zero. The sizes along X1

and X2 are the quadrature uncertainties around their mean value. For the vacuum

state these uncertainties are equal.

In this picture, the monochromatic electric field considered in this section

can be found by [33]:

Ê(~r, t) =

∫
~k
A(k)

[
X̂1(k) cos

(
~k · ~r − ω(k)t

)
−X̂2(k) sin

(
~k · ~r − ω(k)t

) ]
d~k.

(1.10)
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CHAPTER 1. PARAMETRIC DOWN-CONVERSION

1.5.2 Hamiltonian of the interaction

In the dipole approximation, interaction between light and matter in a

crystal of volume V is described by the Hamiltonian of interaction between

a dipole and electric field H = 1
2~p · ~E, where ~p =

∫
V
~P (~r) · d~r is dipole mo-

ment. Substituting the second-order nonlinear polarisation ~P = ε0χ
(2) ~E ~E,

in analogy with classical three-wave mixing, the Hamiltonian is [35]

H =
1

2
ε0

∫
V
χ(2) ~E ~E ~E · d~r. (1.11)

Quantised electric field operators on a Hilbert space are introduced and

they are given by sum of positive and negative frequency components for

pump, signal and idler [33]

Ê (~r, t) =
∑

i=±

∑
j=p,s,i

~ejÊ
(i)
j (~r, t),

Ê
(+)
j (~r, t) =

∫
A(kj)âj(~kj)e

i(~kj ·~r−ωj(kj)t) · d~kj ,

Ê
(−)
j (~r, t) =

∫
A(kj)â

†
j(
~kj)e

−i(~kj ·~r−ωj(kj)t) · d~kj ,

(1.12)

where specific polarisation ~ep ≡ e (extraordinary), ~es = ~ei ≡ o (ordinary) are

considered for type I PDC. This equation shows that the vacuum fluctuations

play a significant role in the theoretical quantum prediction of PDC: the

integrals over signal and idler represent the sum over all possible frequencies

of these plane wave modes with the amplitude defined in (1.8). It is possible

to consider this as quantum noise related with the parametric amplifier for

an alternative description of PDC [24, 26].

In literature χ(2) is frequently substituted with another tensor d = 1
2χ

(2)

and, because of so-called Kleinman symmetry [29], one can use a contracted

notation in which this new tensor is rank two and the relationship between

nonlinear polarisation and electric field is simplified. For the fixed geometry

of type I phase matching and the specific process of PDC, the relationship

can even be scalar and only an effective value deff of d appears. This is

sufficient to take into account the nonlinear susceptibility of the material.

Substituting (1.12) in (1.11), (1.11) is simplified to

Ĥ = ε0deff

∫
V
Ê(+)
p (~r, t) Ê(−)

s (~r, t) Ê
(−)
i (~r, t) d~r + h.c., (1.13)
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CHAPTER 1. PARAMETRIC DOWN-CONVERSION

by discarding all terms different from annihilation of pump and creation of

signal and idler, which is the process of interest.

A reference is chosen so that z is the propagation direction of the pump,

as shown in fig. 1.4. The pump is assumed to be monochromatic, classical

and strong enough1 compared to vacuum fluctuations. Thus the quantum

operator is substituted with a classical field (similar calculation can be found

in [36–38]):

Ê(+)
p (~r, t)→ Epe

− (x+d(z))2+y2

2σ2 ei(
~kp·~r−ωpt), (1.14)

considering the pump field transverse profile to be Gaussian with amplitude

Ep and standard deviation σ. The effect of walk-off along the x direction

of the pump, with extraordinary polarisation, is taken into account with

d(z) = z tan δ, where δ, as in (A.2), is the angular separation between the

wave vector and the direction of propagation of the pump.

Figure 1.4: Representation of phase mismatch inside the crystal assuming ∆ky =

0 and sketch of Poynting vector for extraordinary ray, i.e. the pump. The choice

of reference system is such that z is the propagation direction of pump.

Collecting all the relevant parameters (amplitude of the pump, nonlinear-

ity and length of interaction) into a coupling parameter Γ = ε0EpdeffL/i~
and substituting electric field operators in (1.12), the Hamiltonian (1.13)

1Since for stronger pump the conversion efficiency is larger, it is assumed to be small

enough so that the pump is likely to be undepleted.
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CHAPTER 1. PARAMETRIC DOWN-CONVERSION

reads

Ĥ =
i~Γ

L

∫
V
d~r

∫
d~ks

∫
d~kiA(ks)A(ki)e

− (x+d(z))2+y2

2σ2 ×

×ei( ~∆k·~r−∆ωt)â†s(
~ks)â

†
i (
~ki) + h.c.,

with ~∆k = ~kp − ~ks − ~ki

and ∆ω = ωp − ωs − ωi = 0.

(1.15)

The quantity ~∆k is called wave vector mismatch, while ∆ω represents fre-

quency detuning. In this work, ∆ω = 0 and the Hamiltonian is not depen-

dent on time.

Integration over the interaction volume V inside the crystal, which con-

sist of two Gaussian integrals over x and y and a complex exponential integral

over z, leads to:

Ĥ = i~Γ

∫
d~ks

∫
d~ki2πσ

2A(ks)A(ki) exp

[
−σ

2(∆k⊥)2

2

]
×

×sinc

(
∆κL

2

)
exp

[
−i∆κL

2

]
â†s(
~ks)â

†
i (
~ki) + h.c.,

with (∆k⊥)2 = ∆kx
2 + ∆ky

2

and ∆κ = ∆kz −∆kx tan δ.

(1.16)

and the definition of F
(
~ks,~ki

)
, two photon amplitude (TPA) [39] is such

that:

Ĥ = i~Γ

∫
d~ks

∫
d~kiF

(
~ks,~ki

)
â†s(
~ks)â

†
i (
~ki) + h.c.. (1.17)

The first exponential term in (1.16) is linked to the pump transverse spatial

extension, while the sinc(x) = sin(x)/x function is describing the typical

buildup of interaction along the propagation direction for nonlinear pro-

cesses [29], but here the effect of walk-off leads to the correction of usual

∆kz with ∆κ.

1.5.3 Two photon amplitude

The meaning of the TPA can be understood considering the evolution of

the quantum state at instant t, |Ψ(t)〉, dictated by the Schrödinger equation:

|Ψ(t)〉 = e
Ĥt
i~ |Ψ(0)〉 ≈ |Ψ(0)〉+

Ĥt
i~
|Ψ(0)〉+ ... (1.18)
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where |Ψ(0)〉 = |0〉 is the vacuum state and no photon is present in signal

and idler modes. According to (1.17), one can replace the Hamiltonian

and (1.18) reads:

|Ψ(t)〉 = |Ψ(0)〉+ Γt

∫
d~ks

∫
d~kiF

(
~ks,~ki

)
â†s(
~ks)â

†
i (
~ki) |Ψ(0)〉 . (1.19)

In the perturbation theory the hermitian conjugate factor âsâi, deriving

from third power of electric field, acts on the vacuum state and leads to

zero, â |0〉 = 0.

For first order perturbation theory, the parametric gain G
def
= Γt is small

and so-called spontaneous PDC (SPDC) occurs. The state of the system is

a superposition of vacuum and a state whose behaviour is predicted by the

TPA in (1.19).

Since â† operators correspond to creation of photons, |F
(
~ks,~ki

)
|2 can

be interpreted as spectral representation of the joint probability of a signal

photon being emitted with wave vector ~ks and an idler photon with wave

vector ~ki. This immediately shows the correlation for the signal and idler.

Tuning curves are the spectral distribution of PDC as a function of

the emission angles. They can be obtained evaluating the joint probability

of emission with the an explicit expression for the wave vector mismatch,

because the latter depends on both wavelengths and emission angles (usually

external angles are used) [31].

The probability of emission in space is a sinc function, as shown in (1.16),

even if phase matching conditions impose collinear degenerate PDC to be

emitted with signal and idler wave vectors along same direction of the pump.

If one neglects the effect of walk-off, ~kp direction is the most probable direc-

tion for the emission but not the only one. Collinear PDC is then emitted

along a cone of small transverse extension, centred along z axis.

Moreover the presence of two â† operators predicts even photon numbers

for the resulting state, and that is why SPDC is usually called two-photon,

or biphoton, light. Absolute calibration of detectors is one of the possible

applications of SPDC [40].

When the parametric gain of the process increases, the perturbation

theory approximation used in (1.18) is not valid anymore. Then the process

is so called high-gain PDC and its nonclassical properties are different from
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SPDC.

For instance, while, in low-gain PDC, only pairs of photons are emitted

and higher photon numbers occur with a very small probability, in high-gain

PDC there is correlation between a larger set of photon numbers [41]. This

is the reason why, in literature, the state emitted through high-gain PDC

is called even-photon-number light, rather than two-photon light. There

is the possibility of four-photon states or six- and so on. Since the mean

photon number is large, the measurement of the number of coincidences is

not effective anymore and it has to be replaced by the measurement of the

variance of the intensity difference between two selected beams [42, 43].

1.5.4 Squeezed vacuum states

A squeezed state of light has smaller uncertainty in one quadrature than

the other by definition. PDC produces squeezed vacuum states (SV), i.e.

a vacuum state whose uncertainty circle shown in fig. 1.3 has become an

ellipse like in fig. 1.5, even though the total area remains the same. These

states of light are very attractive for high-precision imaging [6], gravitational

waves detection [44] and quantum encryption [45].

Figure 1.5: Quadrature fields for squeezed vacuum states. The ellipse shows the

quadratures’ uncertainty around their mean value in comparison with those of the

vacuum state (circle).

In section 1.5.2 it has been already described how vacuum fluctuations
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can be enhanced to produce PDC, if there is phase matching with the pump.

An intuitive explanation of the reason for which these states are squeezed

is in the temporal picture of electric field in fig. 1.6. This figure has been

obtained randomly selecting small mean values of quadratures X̂1 and X̂2 (a)

within a circle like the one shown in fig. 1.3 and (b) within a squeezed ellipse

like the one shown in fig. 1.5 with ∆X̂1 = 1
10 and ∆X̂2 = 5

2 and accumulating

the corresponding mean monochromatic electric field from (1.10), assuming

fixed ω and observation at the origin ~r = 0.

The vacuum field in panel (a), as expected, looks like a “fuzzy” line

around zero with definite amplitude but random phase. The resulting SV

in panel (b) can be thought as amplified vacuum state for certain phases

and de-amplified for the remaining, depending on the relative phase to the

strong pump field.

Figure 1.6: Simulation of electric field in time for (a) vacuum state and for (b)

squeezed vacuum.

A special case of SV is obtained when high parametric gain is achieved. It

takes the name bright squeezed vacuum (BSV), because it is characterised by

a large mean photon number per mode with respect to SPDC (for instance

〈N〉 ≈ 1013 as reported in ref. [46]). Thus the mean photon number per

mode is called brightness of the beam.

Statistical properties of BSV will be discussed in detail in the next sec-

tion.
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1.6 Statistical properties of optical fields

Coherence is an important concept which arises in many contexts of

physics, but in optics it refers to the possibility of fluctuations of physical

quantities related with an EM field to be correlated.

Dealing with the amplitude of an optical field, it is useful to introduce

spatial and temporal first-order coherence of a field. While the first refers to

the ability of the field to interfere with a spatially shifted region of the same

field, the latter describes similar ability of interference with a delayed version

of itself. One can define the first-order normalised correlation function g(1),

g(1)(~r1, t1;~r2, t2) =

〈
E(−)(~r1, t1)E(+)(~r2, t2)

〉√
〈I(~r1, t1)〉〈I(~r2, t2)〉

,

with I(~ri, ti) = E(−)(~ri, ti)E
(+)(~ri, ti) and i = 1, 2,

(1.20)

where 〈...〉 denotes an ensemble average and ~ri, ti are chosen position, time

instant for the field under study. The range of g(1) is from 1, when fluc-

tuations are completely correlated, to 0, when no correlation occurs. The

analysis of this function leads to the definition of coherence time and coher-

ence volume [47].

Recently it has been reported [48], for parametric three- or four-wave

mixing, that a separate characterisation of the temporal and spatial proper-

ties of coherence might not provide a convenient description of fluctuating

fields as PDC radiation, and this has been proven experimentally as well [49].

When investigating intensity fluctuations, one refers to the second-order

normalised correlation function g(2),

g(2)(~r1, t1;~r2, t2) =

〈
E(−)(~r1, t1)E(−)(~r2, t2)E(+)(~r1, t1)E(+)(~r2, t2)

〉
〈I(~r1, t1)〉〈I(~r2, t2)〉

.

(1.21)

In this work, a stationary and homogeneous case is considered and g(2)

is a function of relative spatial or temporal displacement g(2)(~ρ, τ), with

~ρ = ~r2 − ~r1, τ = t2 − t1. Most of the times one is interested in time

fluctuations only and it is assumed ~ρ = 0. Moreover normal ordering in the

definition of g(2), i.e. negative-frequency fields are on the left and positive-

frequency fields are on the right, does not matter when the mean number of

photons per single mode is much greater than one (e.g. classical fields) [47].
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g(2)(0) Photon stream Photon statistics

< 1 Antibunched Sub-Poissonian

= 1 Random Poissonian

> 1 Bunched Super-Poissonian

Table 1.1: Classification of light according to the value of second-order correlation

function and consequent photon counting statistics.

It is possible then to classify fluctuations and thus types of photon

streams according to g(2)(τ) values at τ = 0, like in table 1.1, where it

is also given the corresponding statistics. Coherent light, e.g. emitted by

a laser, has random probability of emission, i.e. Poissonian statistics, and

g(2)(τ) = 1 ∀τ . For classical chaotic light, intensity fluctuations are very

pronounced and that is why the second-order correlation function can be

higher than unity, with high probability of sudden bunches of light onto the

detectors. The only case, which has no classical explanation, is a regular

photon stream that makes g(2)(0) < 1 with sub-Poissonian statistics and it

is called antibunching.

For the case of single-mode degenerate SPDC, i.e. squeezed vacuum

state, it has been proven that the following expression can be used to eval-

uate the second-order correlation function [33]

g
(2)
deg(0) = 3 +

1

N
, (1.22)

where N is the mean number of photons. This shows that this radiation

has relevant intensity fluctuations and it can be considered a case of pho-

ton bunching and super-Poissonian statistics, as experimental proof con-

firms [50].

Since here the focus is on BSV, which has very large photon numbers, it is

useful to consider the broad distribution of photon numbers. Nearly single-

mode PDC is characterised by photon bunching (g(2)(0) = 2) for collinear

non-degenerate case and superbunching (g(2)(0) = 3) for collinear degen-

erate case [46]. Moreover in the non-degenerate case (two-mode squeezing)

BSV shows photon-number correlations, while in the degenerate case (single-

mode squeezing) it shows quadrature squeezing. For this reason quantum
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imaging or encoding information into the photon number is possible.

It is useful to consider another result closer to experimental conditions of

this work. The radiation under study cannot be considered as single-mode,

because PDC is intrinsically multimode, i.e. several spatial and frequency

modes are present.

In general, one can consider a multimode radiation, whose each single

mode has same g(2). The maximum of second order correlation function,

measured using a multimode detector, is different from the one measured

with a single-mode detector and it can be expressed as [51]:

g(2)
meas(0) = 1 +

g(2)(0)− 1

m
, (1.23)

where m = msmt can be identified with the number of modes detected,

product of spatial and temporal (called sometimes frequency modes) modes

number.

Assuming Tdet sampling time of the detector2 and being Adet area of

the photocatode, τ0 and A0 coherence time and coherence area of PDC, the

evaluation of m is done by dividing the detection volume Vdet = cTdetAdet

by the coherence volume Vcoh = cτ0A0 [47, 51]

m
def
=
Vdet
Vcoh

=
AdetTdet
A0τ0

. (1.24)

If Vdet < Vcoh, then m is set to one.

1.7 Two crystals configuration

In the experiments performed in this work, PDC is obtained from two

BBO crystals placed one after another, because of the advantages that this

configuration brings about. When the optic axes are tilted symmetrically

with respect to a plane in between the two crystals, which is perpendicular

to the pump propagation direction, walk-off effects discussed in appendix A

are reduced. In fact, the drift of the extraordinary ray occurring in the first

crystal happens in the exact opposite way in the second, if the lengths of the

2Tdet must be interpreted as resolution time of the coincidence circuit used to measure

g(2), if this is greater than the sampling time.
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crystals are equal [37]. This is especially useful for the high-parametric gain

regime, where tighter focusing for the pump and longer crystals produce

larger walk-off.

The superposition of PDC radiation coming from two crystals excited

by the same pump beam leads to interference and high-gain amplification

effects [52, 53], as visible in fig. 1.7. The difference of air refractive index

for the pump and the signal (or the idler, since degenerate regime is consid-

ered) allows a differentiation in phase between the two fields. Interference

between the PDC beams is then possible. For an accurate prediction of

interference, one needs to take into account Kerr effect as well, that predicts

additional phase acquired by the pump beam as the power increases [13]

(see appendix B).

Figure 1.7: Interference between PDC coming from two BBO crystals of thick-

ness L separated by an air gap D and placed into a common pump beam. Cones

of collinear PDC from single crystals yield to one with smaller transverse exten-

sion. Wave vector ~k of PDC and its transverse ~q are described within a reference

frame with z axis coincident with pump propagation direction. Radial angle θ and

azimuthal angle φ are visible in xz and xy plane respectively.

The resulting radiation has a narrower transverse extension than that

from a single crystal and it is characterised by concentric fringes. The rela-

tive position of the two crystals can be modified. In this work, the distance

D is chosen in such a way that the emission in the collinear direction is zero

(D∼ 15 mm, for the pump power 45 mW).

The TPA can be written in terms of transverse wave vectors ~q inside the

crystal, instead of total wave vectors ~k for signal and idler, i.e. via projection
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on xy plane (fig. 1.7) [41]:

F (~qs, ~qi) ∝ exp

(
−σ

2(~qs + ~qi)
2

2

)
sinc

(
L(~qs − ~qi)2

4kp

)
×

cos

(
L(~qs − ~qi)2

4kp
+
ksδnD

ns
+
D
(
~q air
s − ~q air

i

)2
4kair

p

)
× phase factor,

(1.25)

where D is generic distance between crystals of thickness L and the super-

script air indicates wave vectors or refractive index in the air gap. The

difference of refractive index for the pump and the signal δn = nair
p − nair

s

is 1.016 · 10−5 for the pump wavelength 355 nm and degenerate PDC [12]

The phase factor has been omitted, since does not contribute to the square

modulus of F and is not relevant to the purposes of this work.

Instead of transverse wave vectors one can use the angles θ, the radial an-

gle between ~ks and propagation direction of the pump, and φ, the azimuthal

angle in the xy plane starting from x, as shown in fig. 1.7. These two de-

grees of freedom in the transverse plane correspond to radial and azimuthal

modes for the radiation under study, as shown in the next chapter.

1.8 Orbital angular momentum

It is well known from Maxwell’s theory that EM radiation carries both

energy and momentum, and that the latter may consist of linear and angular

contributions [30]. Angular momentum can be in turn considered as the sum

of the spin part associated with the polarisation of the electric field and the

orbital part associated with its spatial distribution [14].

Light with orbital angular momentum (OAM) content goes under the

name of OAM beams [54, 55]. To describe the modal structure of these

beams, like PDC, one can employ Laguerre-Gaussian modes, since their

OAM is well defined. The twist of the phase of the electric field distribu-

tion is given by eilφ, where l = 0,±1,±2... is called topological charge or

azimuthal quantum number and φ is the azimuthal angle, like that defined

in 1.7.

It follows that the wavefronts are helical surfaces (one-sided helicoids)

with pace equal to the wavelength, intertwined around the wave vector di-
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rection, as in fig. 1.8. For the l = 0 case, there is no OAM and plane waves

are portrayed. As the phase is constant along these surfaces, if one considers

a transverse plane at a certain position, phase will twist around the origin

in a range from 0 to 2π a number |l| of times. This accumulation of phase in

the centre leads to zero intensity in the collinear direction for OAM beams,

but conversely beams with zero intensity in the centre do not need to have

OAM content.

The energy of these beams twists also around the beam axis. For this

reason OAM beams have high sensitivity to rotation [21] and they can be

used to set small objects in rotation [23].

Any interaction between radiation and matter is inevitably accompa-

nied by an exchange of momentum, but for PDC radiation OAM of the

beam is conserved by the process [9]. If the pump beam in SPDC has no

OAM for instance, signal and idler photons will be generated with opposite

OAM charge, so that considering all photon pairs the total OAM would

be zero [56]. OAM beams manifest entanglement [9, 17]: the mode with

OAM value +l will have photon number correlations with the mode −l and

this may allow special way to address the problem of quantum information

encoding.

OAM modes provide then a high-dimensional Hilbert space that can be

used for producing quantum correlated twin beams with finite OAM [57, 58],

while spin (polarisation) offers only two degrees of freedom. Research is al-

ready oriented towards creation of quantum memories to store single-photon-

carrying orbital angular momentum [59]. The special scheme considered in

this section offers the possibility of engineering the OAM content by varying

the distance between the two crystals and the pump power [13].
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Figure 1.8: Wavefronts for OAM beams. Different topological charges l = +2 (a),

+1 (b), 0 (c), −1 (d), −2 (e), −3 (f) show different number of intertwined helical

surfaces around ~k with same pace λ, wavelength of the radiation. In each inset

different colour of the single helical components are chosen to ease comprehension,

but arbitrary constant phase is the same for each part.
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Chapter 2

Reconstruction of Schmidt

modes

The BSV states have many applications [1, 4–6], but they can be used

if one can access and control individual modes [60], considering the intrinsic

multimodeness for BSV [12]. The selection of a single mode and the deter-

mination of a number of independent collective modes require the complete

characterisation of the system, which is conveniently decomposed in Schmidt

modes. This decomposition has been demonstrated on both biphoton light

(SPDC) [11] and high-gain PDC [41], using double Gaussian approximation

for the TPA and neglecting anisotropy effects.

This chapter clarifies the description of PDC with Schmidt modes and

outlines the theoretical results that enable the reconstruction of Schmidt

modes from the measurement of the covariance distribution.

As an introductory concept, the theorem of Schmidt decomposition [61]

is described, since it is a useful way of expressing states for bipartite systems.

A pure state |ψ〉 of a composite system AB can be expressed as a linear

combination of states, obtained through tensorial product of orthonormal

sets of vectors |iA〉 , |iB〉 for each part of the system,

|ψAB〉 =

∞∑
i=0

√
λi |iA〉 ⊗ |iB〉, (2.1)

with normalization
∑

i λi = 1. These states |iA〉 , |iB〉 are called Schmidt

modes and the weights of the linear combination are called Schmidt eigenval-
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ues or coefficients. The proof of this theorem, here omitted, establishes how

to calculate Schmidt modes in terms of orthonormal bases for the Hilbert

spaces of A and B and uses singular-value decomposition (see section 2.3.1)

to obtain the weights λi.

The importance of the Schmidt decomposition resides in the powerful

description of the entanglement of the system, quantified by the number of

non-zero λi [62], in such a way that each mode is correlated only with its

corresponding mode (see next section).

2.1 Decomposition of two-photon amplitude

With reference to fig. 2.1, the x and y components of transverse wave

vectors can be written in terms of the angles θ, called radial angle, and φ,

called azimuthal angle, so one can write for nearly-collinear PDC,

qjx = kPDC sin θj cosφj ≈ kPDCθj cosφj ,

qjy = kPDC sin θj sinφj ≈ kPDCθj sinφj ,
(2.2)

where j =s, i and kPDC is the modulus of the wave vector of PDC radiation,

which is the same for signal and idler in the degenerate or in a slightly

non-degenerate case.

Figure 2.1: Polar coordinates qs and φs for a signal photon with wave vector ~kPDC

and transverse wave vector ~qs with Cartesian components qsx, qsy. The radial angle

θs can be found from θs = qs/kPDC.

Since the transverse components of the wave vector qx, qy are very small

for nearly-collinear PDC, it is possible to use two angular coordinates defined

31



CHAPTER 2. RECONSTRUCTION OF SCHMIDT MODES

by

θx = qx/kPDC,

θy = qy/kPDC.
(2.3)

The TPA for degenerate type I PDC, generated by two consecutive non-

linear crystals, has been already written in (1.25), but now it can be rewrit-

ten as a function of θ = kPDC/q and φ [63]:

F (qs, qi, φs − φi) ∝ exp

(
−
σ2k2

PDC

(
θ2
s + θ2

i + 2θsθi cos (φs − φi)
)

2

)
×

×sinc

(
L∆kz

2

)
× cos

(
L∆kz +D∆k′z

2

)
×

× exp (−iL∆kz) exp

(
−iD∆k′z

2

)
,

(2.4)

where the mismatch in the crystal ∆kz = kp − kPDC (cos θs + cos θi) and in

the air ∆k′z = kair
p − kair

PDC

(
cos ns

nair
s
θs + cos

ni
nair
i
θi

)
do not depend on φ.

It is possible to write a Fourier expansion for F (qs, qi, φs − φi), because

of the clear periodicity in φs − φi [10],

F (qs, qi, φs − φi) =
∞∑

l=−∞
χl (qs, qi) e

il(φs−φi), (2.5)

where χl (qs, qi) can be found using the inverse Fourier transformation. Then

the Schmidt decomposition is applied to these functions to obtain a combi-

nation similar to (2.1)

χl (qs, qi) =

∞∑
p=0

√
λlp

ũlp (qs)√
qs

ṽlp (qi)√
qi

, (2.6)

where λlp are Schmidt eigenvalues normalised as
∑

l,p λlp = 1 and the func-

tions ũlp, ṽlp are Schmidt modes that satisfy orthonormality conditions

∞∫
0

ũlp (qs) ũ
∗
mp (qs) dqs =

∞∫
0

ṽlp (qi) ṽ
∗
mp (qi) dqi = δlm. (2.7)

The effective number of Schmidt modes is calculated as

K =
[∑

l,p
λ2
lp

]−1
. (2.8)
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From (2.5) and (2.6), the whole two-photon amplitude can be expressed as

a Schmidt decomposition itself

F (qs, qi, φs − φi) =
∑

l,p

√
λlp

[
ũlp (qs)√

qs
eilφs

] [
ṽlp (qi)√

qi
e−ilφi

]
=

=
∑

l,p

√
λlp [ulp (qs, φs)] [vlp (qi, φi)],

(2.9)

where ulp (qs) and vlp (qi) are general Schmidt modes, whose radial profiles

are denoted with tilde and whose azimuthal profiles are given by the com-

plex exponentials. When parametric gain G (introduced in section 1.5.3) is

increased, the modes with smaller weights get suppressed in favour of the

stronger ones and the λlp in (2.9) must be substituted with

Λlp =
sinh2

(
G
√
λlp
)∑

l,p sinh2
(
G
√
λlp
) . (2.10)

It is easy to check that, for low gain (G� 1), Λlp ≈ λlp.
Schmidt modes provide a very useful description, since they have min-

imum intermodal correlation, i.e. a signal photon emitted into the mode

ulp is correlated only with the idler photon emitted into the unique cor-

responding vlp mode [7]. This allows to correctly address correlations, for

instance one can state from (2.9) that signal and idler photons are entan-

gled in OAM. In the degenerate case, one can consider ũlp = ṽlp, since signal

and idler radial shapes are assumed to be indistinguishable. Conversely the

dependence of the azimuthal part on φ suggests these modes carry OAM,

which is proportional to the index l, as already explained in section 1.8.

The description of multimode high-gain PDC can be done through the

Schmidt modes. One defines collective photon operators and collective

modes, using the generalised Bloch-Messiah reduction [64, 65], and this

enables diagonalisation of the Hamiltonian (1.15) [66], so that these new

modes are coupled pairwise.

Since plane-wave modes are accessible experimentally, their photon cre-

ation/annihilation operators a†~qj , a~qj are explicitly expanded over the set of

orthonormal Schmidt modes and the calculation of photon-number distri-

butions for signal and idler beams is possible [41],

〈Nj (~qj)〉lp =
∑

l,p
sinh2

(
G
√
λlp

) |ulp (qj)|2

qj
, (2.11)
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where j denotes signal or idler. This equation shows that the Schmidt modes

contribute to the total photon number incoherently, i.e. their contribution

is given by squared modulus.

The intensity distribution in the far field can be derived from the ex-

pression of mean photon number in each mode l, p (2.11):

I (~q) ∼
∑

l,p
Λlp|ulp (~q)|2. (2.12)

It does not depend on the azimuthal angle φ and it can be considered as a

sum of the squared modulus of each mode ulp times the mean number of

photons in that mode.

Moreover if the intensity is zero in the collinear direction (see fig. 2.2 for

a single-shot experimental intensity spectrum), this means that all Schmidt

modes need to have a shape similar to a doughnut, with a hole at the centre.

Figure 2.2: Typical experimental single-shot far-field intensity distribution. Small

Cartesian coordinates can be approximated with angles θx and θy defined in 2.3.

2.2 Physical meaning of covariance

In this thesis, the intensity of the radiation under study behaves as

a random variable, i.e. a variable which assumes random values. To each

outcome of the measurement of this quantity the detection procedure assigns

a numerical value, but it must be specified that the mentioned randomness
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comes from the radiation itself and not from a random assignment of the

intensity. This is a fundamental statement used in statistics for the definition

of “random variable” [67].

In other words the fluctuations of the intensity due to the PDC process

are the only random effect of interest, and they will be considered to be

higher than the fluctuations due to the measurements system (i.e. electronic

noise of detector).

The interest of this work is in the information about the simultaneous

variation of two random variables I1 and I2 given by the covariance, which

is defined as

Cov (I1, I2)
def
= 〈(I1 − 〈I1〉) (I2 − 〈I2〉)〉 , (2.13)

where 〈I〉 is the mean value of a random variable I. With reference to (2.13),

the covariance compares (through difference) each random value of I1 with

the mean value and does the same with I2, then considers the mean of these

two behaviours at the same instant of time1. By averaging the result on the

whole set of measurements, the covariance is positive when both values of

I1 and I2 are above (or below) their mean value simultaneously. Positive

covariance is then a sign of correlation between fluctuations of two random

variables.

An example of this behaviour, as in fig. 2.3, has been obtained with

experimental data, whose nature will be clear in section 4.3.1. Fluctua-

tions of I1 have been sorted from lowest to highest value, reshuffling the

corresponding fluctuations of I2, which have been coloured closer to the red

when deviation (positive or negative) from the mean value is larger. Posi-

tive covariance (here calculated 11.6 a.u. of squared intensity) indicates that

fluctuations of I2 follow the same direction of those of I1.

Conversely when the direction is opposite, for example when I1 on aver-

age is above mean while I2 is below, covariance will be negative. Negative

covariance is a sign of anti-correlation between fluctuations of two random

1When the two intensities are not different but correspond to the same quantity, co-

variance is called variance and (2.13) reads

Var (I)
def
=

〈
(I − 〈I〉)2

〉
=

〈
I2
〉
− 〈I〉2 .
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Figure 2.3: Example of deviation of two intensities from their mean value that

shows positive covariance. Intensity I1 is ordered from lower to higher values in

order to visualise the tendency of I2, sorted accordingly. The colour of I2 is propor-

tionally related to its distance from the mean. The frame number is there to show

the amount of data considered to calculate covariance and should not be considered

as natural flow of time.

variables.

Another set of data, similar to fig. 2.3, is in fig. 2.4. Here the covariance

is −1.7 a.u. and, as a result, negative deviations of I1 correspond to reddish

deviations of I2 in the positive part of I − 〈I〉 and vice versa for the other

region. Since the covariance is also one order of magnitude lower than that

of fig. 2.3, the effect is less visible as expected.

When the covariance is zero, there is no correlation between the fluc-

tuations of the two variables, but this does not necessarily mean the two

intensities are independent. There can also be a nonlinear dependence be-

tween the two, which may result in zero covariance [67].

One can simplify the covariance in (2.13) and obtain the following ex-

pression:

Cov (I1, I2) = 〈I1I2〉 − 〈I1〉 〈I2〉 . (2.14)
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Figure 2.4: Example of deviation of two intensities from mean value that shows

slightly negative covariance.

2.3 Schmidt decomposition for covariance

In a recent study [68], frequency Schmidt modes have been reconstructed

from the covariance of signal and idler radiation calculated from single-shot

frequency spectra, but the theoretical approach is valid for spatial Schmidt

modes as well.

Assuming that the measured photon-number is a sum of contributions

from signal and idler photons (this is the case for this work), the covariance

between photon numbers N emitted in plane wave modes ~q and ~q ′ is

Cov
(
~q, ~q ′

)
=
〈
[Ns (~q) +Ni (~q)]

[
Ns

(
~q ′
)

+Ni

(
~q ′
)]〉

−〈Ns (~q) +Ni (~q)〉
〈
Ns

(
~q ′
)

+Ni

(
~q ′
)〉
.

(2.15)

Similarly to the calculation of the mean photon number in (2.11), covariance

is proven to have an analogous shape to the squared TPA in (2.9), but the

weights are without square root:

Cov
(
~q, ~q ′

)
=

=
[∑

l,p
Λlpulp (~q)u∗lp

(
~q ′
)]2

+
[∑

l,p
Λlpvlp (~q) v∗lp

(
~q ′
)]2

+2
∣∣∣∑

l,p
Λlpulp (~q) vlp (~q)

∣∣∣2.
(2.16)
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It is also worth recalling that if one considers high parametric gain, λlp

in (2.9) needs to be substituted by Λlp, as explained in section 2.1.

The first two terms in2.16 can be considered as contribution to covari-

ance from auto-correlation of the signal or idler with itself. The third term

represents the cross-correlation between signal and idler and, apart from the

squared modulus, it resembles a Schmidt decomposition. The distinctness of

these two contributions enables the reconstruction of spatial Schmidt modes

and each term alone offers enough information about the modes.

Since vectors ~q and ~q ′ lie in the transverse plane, the covariance is

4-dimensional and it might be interesting to consider its multilinear de-

composition [69]. In this work, the dimensionality is reduced by integrating

intensity spectra I (θ, φ) alternatively over one of the two degrees of freedom

θ or φ in narrow ranges, i.e. by fixing one variable.

The reduction of the dimensionality is justified if the probability of emis-

sion of PDC radiation is factorable in the two variables θ and φ. In analogy

with ref. [70], it is possible to make the following approximation in the TPA

in (2.4):

θsθi cos (φs − φi) ∼ θ2
coll cos (φs − φi) ,

where θs ∼ θi and θcoll is the small angular deviation of PDC radiation from

the z-axis direction.

The procedure for the reconstruction of azimuthal and radial modes is

described in the following sections 2.3.2 and 2.3.1.

2.3.1 Reconstruction of radial modes and singular-value de-

composition

For the reconstruction of the radial modes in TPA (2.9), 2-dimensional

intensity spectra I(θ, φ) are integrated over the azimuthal angle within a cer-

tain range δφ around φ0 = 0, as portrayed in fig. 2.5, to obtain 1-dimensional
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intensity profiles I(θ):

I (θ) =



φ0+ δφ
2∫

φ0− δφ2

I (θ, φ) dφ θ ≥ 0,

φ0+π+ δφ
2∫

φ0+π− δφ
2

I (θ, φ) dφ θ < 0.

(2.17)

Two dimensional covariance distribution is then calculated as

Cov
(
θ, θ′

)
=
〈
I (θ) I

(
θ′
)〉
− 〈I (θ)〉

〈
I
(
θ′
)〉
. (2.18)

Figure 2.5: 1D intensity profiles I(θ) are obtained via integration over a range δφ

about the azimuthal angle φ = 0 of the single shot 2D intensity spectrum.

As explained in section 2.3, both auto-correlation and cross-correlation

part of covariance can be used for the reconstruction of the Schmidt modes.

In section 4.3.2 it will be clear that these two contributions are located in

different parts of 2-dimensional distribution of the covariance. One considers

then only the auto-correlation part, corresponding to the condition φ = φ′ =

0, and (2.16) becomes

Cov
(
θ, θ′

)∣∣
φ=φ′=0

∝

 ∞∑
p=0

Λp
ũp (θ)√

θ

ũ∗p (θ′)
√
θ′

2

, (2.19)
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with Λp =
∞∑

l=−∞
Λlp,. It is assumed that the shape of radial modes ũlp does

not depend on l, as suggested from numerical simulations in ref. [13]. From

the square root of this distribution, the shapes and weights of the radial

modes are found through the singular-value decomposition.

Singular value decomposition (SVD) is a mathematical tool of linear al-

gebra for the factorisation of a matrix, following from a generalisation of the

spectral decomposition in eigenvectors and eigenvalues, which can be carried

out only for diagonalisable square matrices [71]. The 2D distribution of the

covariance in this work will be substituted by a square matrix calculated

from sampling the 1D intensity profile I(θ) within a discrete set of angles.

Moreover the symmetry in θ ↔ θ′ of covariance (2.18) enforces these ma-

trices to be symmetrical, hence diagonalisable. The two procedures, SVD

and eigendecomposition, are totally equivalent, but SVD is preferred in this

work solely because it is a more general case.

SVD of a square matrix is outlined here. Given a pair of indices i = 1..n,

j = 1..n and a real matrix C = (Cij) of rank r, there is a way to determine

two unitary real matrices U = (Uij) and V = (Vij) and a diagonal matrix

Σ = (Σii) such that

C = UΣV T , Cij =

n∑
k=1

UikΣkkVjk, (2.20)

where T denotes transposition and the elements Σkk = Σk satisfy the fol-

lowing condition:

Σ1 ≥ Σ2 ≥ Σ3 ≥ ... ≥ Σr > 0 = Σr+1 = ...Σn. (2.21)

The matrix U (V ) contains in its rows (columns) the left(right)-singular

vectors, which are orthonormal eigenvectors for CCT (CTC), while the el-

ements of Σ are the square root of the non-zero eigenvalues of both CCT

and CTC.

For a symmetrical matrix CT = C, one obtains U = V and (2.20)

becomes a well-know relation in eigendecomposition C = UΣUT . It is self-

evident that this decomposition is very similar to the square root of (2.19),

with the rows of U corresponding to radial modes ũp(θ) and Σ to the weights

Λp.
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2.3.2 Reconstruction of azimuthal modes

It has been proven in section 2.1 that the shape of azimuthal modes is

trivially e±ilφ, as shown in 2.9. Therefore the interest is in the determination

of the weights, which have been numerically simulated with a theoretical

approach and determined with an experiment of OAM sorting with a similar

setup in ref. [13].

The 2-dimensional intensity spectra I(θ, φ) are integrated over the ra-

dial angle within a certain range δθ around the radial position θ0 of the

main maximum of a specific mode p0, as portrayed in fig. 2.6, to obtain

1-dimensional intensity profiles I(φ):

I (φ) =

θ0+ δθ
2∫

θ0− δθ2

I (θ, φ) dθ. (2.22)

The covariance is then calculated as

Cov
(
φ, φ′

)
=
〈
I (φ) I

(
φ′
)〉
− 〈I (φ)〉

〈
I
(
φ′
)〉
. (2.23)

Figure 2.6: 1D intensity profiles I(φ) are obtained via integration over a range δθ

about the external radial angle θ0 of the single shot 2D intensity spectrum.
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One deduces from theoretical simulation in ref. [13] that it is reasonable

to assume that the radial functions of different orders p do not overlap con-

siderably, i.e. ũp(θ)ũp′(θ) ∝ δpp′ . From (2.16), the covariance distribution

is

Cov
(
φ, φ′

)∣∣
θ=θ′=θ0

= 2

[ ∞∑
l=−∞

Λlp0
|up0 (θ0)|2

kPDCθ0
eil(φ−φ

′)

]2

+2

∣∣∣∣∣
∞∑

l=−∞
Λlp0
|up0 (θ0)|2

kPDCθ0
eil(φ−φ

′+π)

∣∣∣∣∣
2

,

(2.24)

where the first term represents the auto-correlation and the second one,

the cross-correlation. In this case, the covariance can be considered as 1-

dimensional, as it depends only on the difference ∆φ = φ− φ′.
It is assumed that weights with a fixed p0 and opposite l are equal, as

both theory and measurements in ref. [13] predict, and the expression (2.24)

is simplified:

Cov (∆φ)|θ=θ′=θ0 ∝

[ ∞∑
l=−∞

Λlp0e
il∆φ

]2

+

∣∣∣∣∣
∞∑

l=−∞
Λlp0e

il(∆φ+π)

∣∣∣∣∣
2

=

= f2
p0(∆φ) + f2

p0(∆φ+ π),

(2.25)

where each term of the sum (the second one is just shifted by π) leads to a

real Fourier series fp0(x). The weights can be extracted fitting these Fourier

coefficients from experimental data.

It will be necessary getting rid of one of the two term of summation

in (2.25) through the modification of the detection system, in order to re-

duce the number of fitting parameters. In section 4.3.4 it will be clear that

these two contributions are not separable in the 1-dimensional covariance

distribution, as it is for the radial modes.

Assuming that the weights with opposite values of l are equal [13] and

considering the normalisation condition Λ0p0 + 2
∞∑
l=1

Λlp0 = 1, the function

fp0 is a Fourier series whose coefficients for sinusoids are zero:

fp0(x) = Λ0p0 + 2

∞∑
l=1

Λlp0 cos(lx). (2.26)

The series (2.26) is convergent because of the normalisation condition, since

the necessary and sufficient condition for the uniform convergence every-
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where is the convergence of the weights [72]. Moreover fp0(x) is an even

function with period 2π, because the lowest harmonic to contribute is cos(x).

Since the series has no analytical form, the overall trend for fp0 can be

predicted only if one assumes a shape for the distribution of weights. Con-

sidering simulated weights for p0 = 0 and different pump powers employed in

ref. [13], one can assume their distribution is a normalised discrete Gaussian,

Λl0 =
1

ϑ3(0, e−a)
e−al

2
(2.27)

where ϑ3(u, q) is the Jacobi elliptic function coming from normalisation
∞∑

l=−∞
e−al

2
= ϑ3(0, e−a). The parameter a can be varied continuously to

study the resulting function f0. The results of the fit for the weights at

different pump power being 45 mW, 70 mW, 90 mW is visible in fig. 2.7,

and the parameter is found to be

a45 mW = 0.28

a70 mW = 0.47

a90 mW = 0.55.

Figure 2.7: Fit for the parameter a of a discrete Gaussian distribution for the

weights of the azimuthal modes Λl0 from theoretical simulations of ref. [13] at

different pump powers (different colour).

Consequently one plots an approximate2 function f2
0 for these pump

powers, as shown in fig. 2.8. The sum of these cosine functions plus a

2Weights are quickly decreasing and 4 terms in the sum are sufficient for the evaluation

of fp0 .
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background level results in a codomain [0, 1]. Intuitively an emission at angle

φ = φ′ is trivially correlated with itself (φ = φ′ + 2π), while the addition

of the second term f2
p0(∆φ+ π) in (2.25) predicts the cross-correlation with

opposite angle φ = φ′ + π.

Figure 2.8: Plot of f20 (∆φ) as a function of the difference of azimuthal angles

φ′ − φ, obtained with fitted parameter a at different pump power (different color).
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Chapter 3

Experimental realisation

This chapter will be devoted to the description of the practical details

concerning the construction of the setup, along with the motivation for cer-

tain operational choices. Special attention is dedicated to the source, to

interference filters employed and to the detector, because their characteris-

tics are fundamental for the comprehension of the results.

3.1 Description of the setup

The generation and the analysis of PDC radiation in the two crystals

configuration is achieved through the setup shown in fig. 3.1.

The pump beam at wavelength 355 nm is brought at the height of the op-

tical components by a periscope, made of two dichroic mirrors (M1-2), which

discard the fundamental radiation at 1064 nm and the second harmonic gen-

eration at 532 nm from the pump laser. The beam, whose polarisation is

set to horizontal by a half-wave plate (λ/2), is spectrally ”cleaned” with a

dispersive prism pair (DPP). The shutter (S) is open for an amount of time

that prevents the damage of the crystals (see appendix D for further discus-

sion). Two lenses (L1-2) of focal lengths f1=30 cm, f2=17.56 cm are placed

at a distance slightly larger than the sum of their focal lengths, so that the

pump is focused on the nonlinear crystals with a beam waist of 180 µm and

high-gain regime is achieved. The beam is then deflected by a mirror (M3)

and it passes through a polarising beam splitter (PBS). The half-wave plate
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Figure 3.1: Block diagram of the experimental setup used for the generation and

characterisation of PDC in the two crystals configuration. Nd:YAG pulsed laser

source, M1-6 mirrors, λ/2 half-wave plates, DPP dispersive prism pair, S shutter,

L1-5 lenses, DM1-3 dichroic mirrors, PBS polarising beam splitter, GP Glan prism,

BBO β-barium borate crystals, IF interference filter, LPF1-2 long pass filters, CCD

charge-coupled device camera, alignment laser at wavelength 706 nm. Distances are

not on scale.

(λ/2) before the PBS rotates the linear polarisation in order to achieve a

certain splitting ratio, that ensures PDC radiation from the two arms to be

comparable in intensity on the detector. Another laser, with wavelength 706

nm close to that of PDC radiation, is superposed to the pump beam with

the help of a dichroic mirror (DM1) and it is used for alignment purposes.

The first arm (on top) is composed by a half-wave plate (λ/2) and a Glan

prism (GP), that select horizontal polarisation to a high extinction ratio1

for type I PDC radiation. Nonlinear birefringent crystals (BBOs) are used

for the generation of high-gain PDC (alignment discussed in appendix C.1).

They have thickness 2 mm and one of them is mounted on a translational

stage, so that the distance between them can be modified. The distance

chosen here is 15 mm, in order to achieve destructive interference between

PDC generated by each crystal in the collinear direction. The pump beam is

then rejected with two dichroic mirrors (DM2). The radiation under study

1Since the mean power is measured before the two crystals, selecting polarisation to

a high extinction ratio assures that all the power is used to generate PDC. The use of a

Glan prism results in a better signal on the detector, being equal the measured power and

independent of polarisation.
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is spectrally filtered with an interference filter (IF) (centred at wavelength

700 or 710 nm with a bandwidth of 10 nm) and focused with a lens (L3) on

a charged-coupled device (CCD) camera. Single-pulse spectra are acquired

in the far field. Further spectral filtering and less noise on the detector is

achieved with a long pass filter attached to the camera (LPF1) (wavelengths

longer than 645 nm are transmitted).

The second arm (at the bottom) is used for “pulse-selection”, i.e. se-

lection of the pump beam intensity to get rid of thermal fluctuations (see

section 3.2). Horizontal polarisation for type I generation of broadband

high-gain PDC on a third crystal (BBO3) is achieved with a half-wave plate

(λ/2). The pump is rejected with the help of two dichroic mirrors (DM3).

Spectral filtering is achieved with a long pass filter (LPF2) (wavelengths

longer than 645 nm are transmitted). Two lenses (L4-5), with same focal

length f4=10 cm, image PDC radiation on the CCD camera: one is placed

at 10 cm from BBO3 and the other is at 10 cm from the CCD camera. The

distance between them does not matter. The observation of PDC from the

third crystal is achieved through a mirror (M5) and a second one (M6), that

has a D-shape letting pass PDC from the two crystals configuration (see

fig. 3.2).

Figure 3.2: Part of the experimental setup with the D-shaped mirror clearly

visible. It reflects PDC from the third BBO crystal but allows PDC from the two

crystals to propagate without disturbance.
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3.1.1 Pump laser source

The light source employed in this setup is a diode-pumped Nd:YAG2

pulsed laser, emitting coherent radiation at the wavelength of 1064 nm which

can be converted into its third harmonic3 (355 nm) through angle-tuned

nonlinear crystals embedded in the laser. The output beam has a pulse

repetition rate of 1 kHz and a pulse duration (power full width at half

maximum (FWHM)) of τp = 25± 3 ps, while the energy per pulse is 0.3 mJ

with stability of 1% (standard deviation on 300 measurements), according

to the datasheet. Moreover the polarisation is stated to be vertical with an

extinction ratio of 100:1. Since the coherence time for the third harmonic

of this laser is ∼ 6 ps, the assumption made in section 1.5 that the pump is

monochromatic is valid for this case.

The processes of wavelength conversion relies on the usually low strength

of χ nonlinearities4, so there will always be photons at 1064 nm which are

not converted and, if not rejected by optical elements inside the laser device,

remain in the beam line. For this reason dichroic mirrors are placed after

the crystal inside the laser device to discard undesired photons: these are

designed to reflect only light in selected wavelength range and their reflectiv-

ity can be very close to unity. Nevertheless they transmit some part of the

original beam, especially at high power operation (∼ 100 mW is the maxi-

mum power used in this work), and this can be responsible for the burning

of sensitive detectors employed in the setup.

3.1.2 Pump FWHM measurement

To measure the transverse extension of the beam, a CCD camera is

used. A dichroic mirror is used to reflect most of the pump and to reduce

the intensity on the CCD camera, avoiding damage but preserving the beam

slope.

In this way, acquiring ∼200 intensity spectra and extracting the 1D

2Neodymium-doped yttrium aluminium garnet Nd:Y3Al5O12.
3 1064

3
nm= 354.6 nm ≈ 355 nm.

4Pulse energy for this laser at 355 nm drops to a maximum of 0.3 mJ compared to

maximum 0.9 mJ at 1064 nm. Efficiency might be close to 30%.

48



CHAPTER 3. EXPERIMENTAL REALISATION

profiles gives an average FWHM, whose error is estimated to be twice the

dimension of a pixel (4.4 µm):

FWHM = 180± 10 µm.

From this, it follows that the Rayleigh range z0 is quite large and a good

focusing is maintained over the distance 2z0:

z0 =
πFWHM2

2λ ln 2
= 21± 2 cm.

3.1.3 Characterisation of interference filters

The interference filters employed in this setup to select degenerate wave-

length for PDC are filters centred about 700 ± 2 nm and 710 ± 2 nm with

the bandwidth of ∆λ = 10 ± 2 nm, as from the datasheet [73]. Since the

spectral width of the correlation for PDC is δλ = 0.22 ± 0.03 nm [46], a

rough approximation of the number of the frequency modes selected will be

mt = ∆λ
δλ = 45 ± 11. This evaluation is dependent on the pump power and

can be not reliable.

One can select a single spatial modes, if few pixels of the measured in-

tensity spectra are considered, i.e. Adet � A0 in (1.24). Then the evaluation

of the normalised second-order correlation function gives a better approxi-

mation of the number of frequency modes thanks to (1.23):

mt = 60± 10.

For an experimental characterisation of the filters, their spectrum of

transmission is measured with a spectrometer. The results are shown in

fig. 3.3: the transmittance of the two filters is not symmetric about their

centre and presents some ripples. The filter centred nominally at wave-

length 710 nm is instead centred at ∼ 711 nm, far from the PDC degenerate

wavelength 709.3 nm. This will be important in the next chapter, since it

suggests there is asymmetry in the selection of frequency modes.
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Figure 3.3: Measurement of the transmittance for the interference filters centred

nominally at 700 and 710 nm. Panel (a) shows the source spectrum measured

without any filter and the spectra transmitted by the two filters. Panel (b) shows

the transmittance calculated as the ratio of the transmitted spectrum and the

incident spectrum for the two filters.

3.1.4 Charge-coupled device camera

The CCD camera employed here is made of square photosites, also called

pixels, with 4.4 µm side. The exposure time can be regulated with an

electronic shutter and the gain denotes the electrical amplification of the

signal recorded. In this case, the exposure was set to the minimum value

0.91 ms, since each PDC intensity spectrum has to be measured within a

single pump pulse, i.e. single-shot spectra.

It is possible to trigger the exposure time externally, as described in

fig. 3.4. One uses the SYNC square wave coming out from the pump laser

with a compensation of the delay of the cable, in order to activate the acqui-

sition within windows of 5-10 µs. Since the laser pulse and the consequent

PDC generation is within this window, one increases the signal-to-noise ratio

for single-shot spectra.

As explained in fig. 3.5, the conversion of the pixel position x into the

angle of emission θ of PDC is:

x = f tan θ, (3.1)

where f is the focal length of the lens employed.
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Figure 3.4: Plot of the SYNC voltage signal coming out from the laser (time not

in scale). It consists of a square wave at 1 kHz with a very low duty cycle, because

signal is not zero only for 5-10 µs. The laser pulse of 25 ps is located at the falling

edge.

Figure 3.5: Conversion between the linear position x on CCD and the angle of

emission θ of PDC radiation from a crystal, when far-field condition is achieved

through a lens of focal length f .

3.2 Measurement of the second-order normalised

correlation function

In section 1.6 it has been explained that for coherent sources the second-

order normalised correlation function g(2)(0) = 1. Practical conditions, such

as fluctuations of the electrical power, hence, of the pumping process, make

intensity fluctuate and lead to g(2)(0) 6= 1. These fluctuations lead to spuri-

ous correlation in the covariance distribution, as section 4.3.1 will explain.

To assess the order of magnitude of the intensity fluctuations of the

pump, a measurement of g(2) is carried out. To this end, the 2D inten-
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sity spectra collected for the measurement of the pump FWHM, can be

integrated over space to obtain a number N of intensity measurements Ii

(i=1...N). The second-order correlation function is then easily obtained, as

explained in section 1.6:

g(2)
pump =

〈
I2
〉

〈I〉2
=

N
N∑
i=1

I2
i(

N∑
i=1

Ii

)2

and for the laser employed here,

g(2)
pump = 1.00014± 0.00001.

The error has been evaluated from the variance σ2
I variance,

σ2
g(2)

=
N∑
i=1

(
∂g(2)

∂Ii

)2

σ2
I =

4σ2
I

〈I〉2
(

1− g(2)
)2
.

This approach is in good agreement with the estimate that can be done

recalling that the stability of energy per pulse of this laser is

σI
〈I〉
≈ 1%,

and its link with the second-order correlation function gives

g(2)
pump − 1 =

(
σI
〈I〉

)2

≈ 0.0001.

To avoid influence of pump intensity fluctuations, which are not included in

the theory, on the measurement of PDC intensity spectra, one can either

• normalise the result of each measurement to the total integral intensity

of PDC from the two crystals,

• or select energy of the pulses from the laser within a certain range, with

the help of a third BBO crystal that enhances additional fluctuations

of the pump in an independent way.

The effects of these two different approaches will be discussed in section 4.3.1:

the normalisation cancels the fluctuations of the whole spectra, while the
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“pulse-selection” offers a better tool for constraining the fluctuations in a

certain range.

In fig. 3.6 the fluctuations of the total intensity of PDC, generated by

the two crystals and by the third one, is shown. The same procedure for the

calculation of g(2) can be applied here and it gives

g
(2)
2c =

〈
I2

2c

〉
〈I2c〉2

= 1.0019± 0.0002,

g
(2)
3 =

〈
I2

3

〉
〈I3〉2

= 1.0047± 0.0006,

where subscript 2c and 3 refers respectively to the two crystals and to the

third one.

Figure 3.6: Fluctuations of the total intensity of PDC radiation emitted by two

crystals in series (y axis blue on the left) and by the separate third crystal (y axis

green on the right) as a function of the frame number. The pump power is 45 mW

and IF transmission is centred at 700 nm.

The results show that the intensity fluctuations for the two crystals are

less pronounced than those for the third one, and this is exactly the reason

53



CHAPTER 3. EXPERIMENTAL REALISATION

why the latter is chosen for pulse selection. The fluctuations of the pump

are amplified more by the third crystal, since its larger thickness (7 mm)

assures higher parametric gain. Moreover the collection of more modes

with a broadband filter in the near field reduces the role of PDC thermal

fluctuations.

Then to get rid of the pump fluctuations and leave only the fluctuations

of interest (coming from the interference of PDC radiation from the two

crystals), one selects only those pump pulses, for which the total intensity

of PDC from the third crystal is within a predefined range.

Before concluding it is worth to estimate the number of spatial modes

present in the radiation coming from the two crystals. Base on (1.23), the

total number of modes (both spatial and temporal) m = msmt is given by:

m =
g

(2)
non-deg(0)− 1

g
(2)
meas(0)− 1

.

By plugging in the normalised second-order correlation function for non-

degenerate PDC, g
(2)
non-deg(0) = 2, the number of modes is estimated:

m =
1

g
(2)
2c − 1

= 526± 55.

A very rough estimate of the number of the spatial modes is then ms = 9±3,

since mt = 60± 10 has been estimated in section 3.1.3.
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Analysis of the results

In this chapter, the analysis of the covariance 2D distributions associated

to high-gain PDC generated by two BBO crystals is performed, in order to

reconstruct spatial Schmidt modes.

In order to avoid the effect of the pump intensity fluctuations and spu-

rious correlations in the covariance distribution, these spectra need to be

either processed or selected (see section 3.2). Then 1D profiles are extracted

by fixing one of the two degrees of freedom, radial or azimuthal angle, with

the integration procedure explained in sections 2.3.2 and 2.3.1. The 2D co-

variance pictures are calculated with (2.23) and (2.18) and the reconstruc-

tion for the radial modes follows from the SVD, while fitting the theoretical

covariance curve (2.25) leads to weights for the azimuthal modes.

In this work, the average power of the pump is 45 mW, because the

effective number of radial modes is expected to be larger than one. For higher

pump power PDC radiation is characterised by only one strong radial mode

and the number of effective modes corresponds to the number of azimuthal

modes. The investigation of the weights for the azimuthal modes is realised

also for the average pump power 70 mW and 90 mW, in order to make a

comparison with the results obtained by “phase-flattening” and through the

calculation in ref [13].

The number of measured single-shot far-field intensity spectra is ap-

proximately 3500 for each set of measurements considered in the following

sections. This number allows one to accurately evaluate the averages of the
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physical quantities under investigation.

All the calculations are implemented with the software MATLAB R©. The

measurements are carried out with a CCD camera, so 2D domains of inte-

gration are discrete and this can be responsible for inaccuracy, to be taken

into account for the evaluation of the errors. The resampling of points is per-

formed in such a way that a total interpolation of each spectrum is avoided,

otherwise the running time would excessively increase. Instead, the algo-

rithm have been implemented in order to reach a reasonably accurate result

within a reasonable time.

4.1 Estimation of error for covariance measure-

ment

In this work, covariance is calculated from the intensity I (x), measured

by a fixed pixel of the camera (position x is measured from bottom left of the

sensor). With Ij (x) one refers to the intensity at time (i.e. frame number)

j; the expression (2.14) for covariance reads

Cov (I (x1) , I (x2)) =

N∑
j=1

Ij (x1) Ij (x2)

N
−

N∑
j=1

Ij (x1)

N

N∑
j=1

Ij (x2)

N
, (4.1)

where N is the total number of frames. The covariance in (4.1) will be

indicated with C and Ij (xi) with Iij .

The error on the covariance is calculated as [74]:

σ2
C =

∑
j

(
∂C
∂I1j

)2

σ2
I1j +

∑
j

(
∂C
∂I2j

)2

σ2
I2j

+2
∑

jk

(
∂C
∂I1j

)(
∂C
∂I2k

)
Cov (I1j , I2k).

(4.2)

It is assumed that σ2
I1j

= σ2
I2k

= σ2
I ∀j, k, since the noise of the pixels of the

camera fluctuate in the same way, when exposed to no light. The last term

of (4.2) is zero, because the uncertainty of the intensities are not correlated

at different pixels 1 and 2, nor at different frames j and k. There is no

reason to believe that uncertainty coming from electronic circuits of CCD,

which is the most important contribution to noise, can be correlated from
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pixel to pixel. Then equation (4.2) reads

σ2
C (x1, x2) =

σ2
I

N

[〈
I2 (x1)

〉
+
〈
I2 (x2)

〉
−
(
〈I (x1)〉2 + 〈I (x2)〉2

)]
=

=
σ2
I

N
[V (I (x1)) + V (I (x2))] =

=
σ2
I

N

[
〈I (x1)〉2

(
g

(2)
I(x1) − 1

)
+ 〈I (x2)〉2

(
g

(2)
I(x2) − 1

)]
,

(4.3)

where the dependence on x has been reintroduced and V is variance,

V (I) =

N∑
j=1

I2
j

N
−

(
N∑
j=1

Ij

)2

N2
. (4.4)

The error, if the intensity is considered at the same pixel (i.e. diagonal),

can be estimated as

σ2
V =

∑
j

(
∂V(I)

∂Ij

)2

σ2
I =

=
4σ2

I

N

[〈
I2
〉
− 〈I〉2

]
=

4σ2
I

N
V(I) =

4σ2
I 〈I〉
N

(
g

(2)
I − 1

)
.

(4.5)

4.2 Single crystal configuration

It is interesting to remove one of the two crystals from the setup, in

order to observe the spatial distribution of collinear degenerate PDC and to

calculate the covariance for both cases of integration over the azimuthal and

radial angle. The pump power is set to 134 mW and the IF transmission

centred at 710 nm is employed.

The spatial distribution of intensity obtained in fig. 4.1 agrees with the

theoretical prediction [31]. It is flat near the centre and drops to zero at

the edges, where the electronic noise dominates. The angular FWHM is

≈ 35 mrad and, as explained in section 1.7, it is broader than the one

shown in fig. 2.2 (the intensity of doughnuts drops to zero at 2θ ≈ 24 mrad):

interference and amplification of PDC in the two crystals configuration leads

to the emission bounded in a smaller cone [12].

The power of the pump beam employed to obtain the spectra from the

single crystal in fig. 4.1 is higher than the one employed for the two crystals

57



CHAPTER 4. ANALYSIS OF THE RESULTS

configuration. The interference effects between PDC from two crystals en-

hance parts of the radiation in phase and less power is required to observe

the signal on the CCD camera.

Figure 4.1: Far-field intensity distributions for single-shot (a) and averaged (b)

PDC from a single BBO crystal with a pump power of 134 mW. The averaged

intensity is flat near the centre and drops rapidly as the external radial angle in-

creases. Pixels outside of the circle are set to zero by the measurement process:

collecting less data makes acquisition faster. The choice of the coordinate axes x,

y is shown in panel (a).

Several imperfections are visible especially in the averaged spectrum

(fig. 4.1 (b)), because of dust scatterers on the surface of CCD camera’s

sensor.

The integration over the azimuthal degree of freedom (2.17), as in fig. 2.5,

is performed by dividing the 2D integration domain in arcs corresponding

to increasing angle θ, as in fig. 4.2 (different colour of stars). The pixel

structure enforces some approximation on the location of the intensity to be

integrated and the trapezoidal method is used for the determination of the

1D integral. The calculation gets worse toward the centre, since less points

are available, i.e. intensity is very poorly averaged. For single pixels, located

at the centre, intensity is just multiplied by the integration range δφ.
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Figure 4.2: Integration over the azimuthal angle for a discrete set of pixels. For

a fixed angle θ, here denoted with a certain of stars, a corresponding arc of points

I (θ, φ) is integrated over φ around φ0 = 0 in a range from −δφ/2 to δφ/2 with

trapezoidal method to obtain 1D profile I (θ), as in 2.17.

The choice of the angle φ0, about which to perform the integration of

2D intensity spectrum described in (2.17), is arbitrary, since the intensity

distribution in the far field does not depend on the azimuthal angle φ (see

section 2.1). As shown in fig. 4.3, the calculation of covariance (2.18) from

the 1D profiles with different φ0 is affected by the developed algorithm,

since the x axis is chosen as in fig. 4.1 and the definition of azimuthal angle

φ depends on this. The different panels show how, for bigger azimuthal

angle |φ0|, a wider component of noise in the form of stripes is present,

even if the overall shape is preserved. This might be due to the fact that

larger φ0 leads to rougher approximation with the pixel structure of the arc.

Analogous results are obtained for positive φ0.

The choice of the range δφ is not relevant for the resulting covariance,

if two conditions are satisfied. The first one requires δφ � 0.3◦ as this

ensures integration. When δφ < 0.3◦ a 1-pixel-high strip is selected and this

leads to very noisy covariance. The second one is that δφ� 180◦, since, for

large ranges, the covariance becomes lower for larger θ. The reason of this
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physical behaviour is more easily explainable in the two crystal configuration

and will be postponed to section 4.3. An optimal range is found to be 9◦,

as it minimises computation time.

Figure 4.3: Covariance calculated from 1D intensity profiles integrated around

φ0 within a range δφ = 9◦, for the pump power 134 mW, IF transmission centred

at 710 nm and with the pulse-selection method applied. The angle φ0 is different

per each panel: (a) −90◦, (b) −75◦, (c) −60◦, (d) −45◦, (e) −30◦, (f) −15◦, (g)

0◦. The covariance shows an X-shaped correlation picture with the width ∆θ. The

inset (h) shows the standard deviation on the covariance distribution in panel (g).

All panels and the inset have the same colour code.

The covariance obtained in fig. 4.3 (g) has a characteristic X-shape.

This shows that there is a continuous correlation between intensities when

|θ′| = |θ|, i.e. correlation with itself along θ′ = θ (auto-correlation) and with
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the intensity at the opposite position along θ′ = −θ (cross-correlation). The

covariance drops to zero as the intensity of a single-shot spectrum drops to

zero as well. The width of the X profile in the cross section gives information

on the angular range of correlation ∆θ ≈ 4 mrad.

The error estimation portrayed in section 4.1 helps unveiling the degree

of reliability of the results. For instance, fig. 4.3 (h) shows that, when the

integration is carried out within few mrad from the centre of the picture, the

low number of points produces higher error bars compared to regions closer

to the borders. This makes the calculation of the covariance less reliable at

the centre of the picture.

This behaviour is very similar to the one found for high-gain single-shot

frequency spectra in ref. [75]. It is possible to envisage the same X shape for

frequency-angular [32] or purely angular (as discussed here) correlations, as

it reflects the joint probability of emission of PDC light [31, 76, 77].

It is possible to notice the difference in strength of auto-correlation and

cross-correlation parts of the covariance. This might be explained with the

unbalanced frequency modes of signal and idler, which contribute to auto-

correlation but do not match for the cross-correlation. This is discussed in

detail in section 4.3.3.

Fig. 4.3 shows larger noise as the azimuthal angle φ0 is larger. As one can

demonstrate, this noise can be removed by filtering high spatial-frequency

components: if the image is decomposed via 2D Fourier transform, the har-

monics responsible for these features are at high frequency and can be re-

moved by using a low pass spatial filter as explained in fig. 4.4. The initial

image for the covariance g (x, x′) in fig. 4.4 (a) (which coincides with fig. 4.3

(a)) undergoes 2D discrete Fourier transformation F (g) (fx, fx′), whose log-

arithm is shown in panel (b). In panel (c) F (g) is multiplied by a mask M
that attenuates high spatial-frequency components, responsible for oscilla-

tions with a period from 1 to 5 pixels, to -15 dB. The spectrum of spatial

frequencies undergoes the inverse Fourier transformation and results in pic-

ture (d). This procedure will be used in the following sections to get rid of

this source of noise.
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Figure 4.4: Covariance picture from fig. 4.3 (a), here g (x, x′) in panel (a), un-

dergoes spatial discrete Fourier transform F and the logarithm of the transformed

picture as a function fx, fx′ is shown in panel (b). A frequency maskM (fx, fx′) is

applied to the transformed picture (c) and the inverse Fourier transform gives back

the new covariance picture (d).

The integration over the radial degree of freedom (2.22), as in fig. 2.6,

is performed by dividing the 2D integration domain in sectors between lines

(for instance those in orange) corresponding to increasing angle φ (different

colour of stars), as in fig. 4.5. The pixel structure here enforces rejection

of some points and the trapezoidal method is used again. Pixels located at

position φ = 0 are assigned to a 1D intensity profile, even if they do not

belong to any sector and would be normally rejected.
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Figure 4.5: Integration over the external radial angle for a discrete set of pixels.

For a fixed angle φ, here denoted with a certain of stars, a corresponding line of

points I (θ, φ) is chosen and integrated over θ in a range from θ0−δθ/2 to θ0 +δθ/2

with the trapezoidal method to obtain 1D profile I (φ).

The covariance picture in fig. 4.6, calculated as in (2.23) from the 1D

integrated intensity profiles I (φ), clearly shows the autocorrelation of inten-

sity fluctuations at angle φ, as proven by the distribution along the principal

diagonal φ′ = φ, and the two spots at the upper-left and lower-right corners.

The two stripes φ = φ′ ± π in the covariance demonstrate the correlation

between intensities at opposite azimuthal angles (cross-correlation).
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Figure 4.6: The 2D covariance distribution (a) from 1D intensity profiles inte-

grated around θ0 ≈ 7 mrad within a range δθ = 2.2 mrad, for the pump power

134 mW, IF transmission centred at 710 nm and with the pulse-selection method

applied. The stripes indicates the correlation of intensity at angle φ with itself or

with the intensity at the angles φ± π. The inset (b) shows the standard deviation

on the covariance distribution.

Some difference in strength between auto- and cross-correlation persists,

as in fig. 4.3 (g).

The choice of the angle θ0 does not affect the results as long as it is

taken in the flat part of the intensity distribution of PDC radiation, while

the integration range δθ does not affect the covariance distribution either

within a set of possibilities {0.4, 0.7, 1.5, 2.2} mrad, which correspond to

narrow ranges in order to fix the variable θ.

4.3 Two crystals configuration

In this section, results for the reconstruction of the radial and azimuthal

modes of PDC radiation generated by the two crystals configuration are

reported. One shall examine the parameters that play a significant role

for decomposing PDC spatial distribution into spatial Schmidt modes. In

particular, one considers the selection of the pump pulses within a certain

intensity range and the two different interference filters, centred at 700 or
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710 nm.

Fig. 4.7 (a) presents again the single-shot experimental 2D intensity spec-

trum in fig. 2.2. The distribution shows an enhanced intensity within a cer-

tain range of azimuthal angles and at opposite angles, while (2.12) evidently

shows no dependence on this angle. However a random variation of this

direction of enhancement is observed, if one considers several single-shot

spectra.

The reason might be intuitively explained: from pulse to pulse of the

pump beam, the creation of PDC has a preferred direction, chosen ran-

domly by the vacuum fluctuations. Signal and idler beams occur in sym-

metrical positions with respect to the centre, where destructive interference

dominates. Still non-centrosymmetric crystals induce anisotropic effects, to

a certain extent, and a special direction of emission is nevertheless more

probable, as shown in an average spectrum calculated over many pulses in

fig. 4.7 (b).

Figure 4.7: Typical experimental single-shot far-field intensity distribution (a)

and the distribution averaged over many pulses (b).

This was already slightly visible from fig. 4.1 (a), as the single shot spec-

trum shows stains of green colour (higher intensity), that are symmetrical

with respect to the centre. Only those signal and idler beams generated

at a certain azimuthal angle whose phase matches with the PDC from the

second crystal, will result in peaks in the two crystals’ configuration.

Now it is possible to give further insight in the choice of the integration

range δφ, which was omitted in section 4.2: at fixed θ, as the intensity I(θ)
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is averaged out by integration over a larger interval of φ, fluctuations are

averaged out as well and this leads to lower covariance. Here it is not shown

but, as θ is larger, more averaging effect will be present.

For the moment, normalisation to the total intensity of PDC generated

by the two crystals is considered. Fig. 4.8 shows the covariance distribution

for the two-crystals configuration, calculated by fixing the azimuthal degree

of freedom as in (2.17) and (2.18). It shows correlations corresponding to

the angular position of doughnuts in the spectrum in fig. 4.7. For instance, if

one considers intensity at θ ≈ 5 mrad, covariance reveals a peak at θ′ ≈ ±5

mrad. At angles where PDCs destructively interfere, covariance drops to

low values. The choice of normalisation to the integral of PDC from the two

crystal constrains the fluctuations and leads to negative covariance, which

is not expected in the cases discussed here, since both (2.19) and (2.25)

are made up of positive contributions. This issue will be discussed in the

following section.
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Figure 4.8: The 2D covariance distribution (a) obtained from 1D intensity profiles

integrated around φ0 = 0 within a range δφ = 9◦, for the pump power 45 mW,

IF transmission centred at 710 nm. Each intensity spectrum is normalised to the

integral of the total intensity of PDC coming from the two crystals. The covariance

shows blobs of correlation located along the principal and the second diagonal.

Negativities for covariance, in deep black, are present as well (see section 4.3.1).

The inset (b) shows the standard deviation on the covariance distribution. The

inset has the same colour code.

The situation for the covariance in fig. 4.9, obtained through the inte-

gration over θ of the 2D intensity spectra, is similar to the one of the single

crystal emission in fig. 4.6. The differences are the width of the stripes,

which is much larger now, and the negative part, which is in disagreement

with positive terms in (2.25).
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Figure 4.9: The 2D covariance distribution (a) obtained from 1D intensity profiles

integrated around θ0 = 5 mrad within a range δθ = 2.2 mrad, for the pump power

45 mW, IF transmission centred at 710 nm. Each intensity spectrum is normalised

to the integral of intensity of PDC coming from the two crystals. The covariance

shows stripes of correlation located along θ′ = θ and θ′ = θ ± π. The negativities

for covariance, in violet and black, are present as well (see section 4.3.1). The inset

(b) shows the standard deviation on the covariance distribution. The inset has the

same colour code.

4.3.1 Pump fluctuations and pulse selection

The negativities in figs. 4.8 and 4.9 are in disagreement with (2.25) and

this result can be understood if one accounts for the intensity fluctuations of

the pump beam and of PDC generated by the two crystals, quantified by the

measurement of g(2) in section 3.2. The second-order normalised correlation

function for the pump laser is bigger than one at the fourth decimal digit.

This corresponds to super-Poissonian statistics, as section 1.6 outlined.

Since the covariance arises from correlations of PDC intensity fluctua-

tions, it is necessary to avoid the effect of correlations induced by pump in-

tensity fluctuations. In fig. 4.10 three different situations for auto-correlation

(taken from the first quadrant of fig. 4.8) are compared: covariance has been

calculated from intensity spectra (a) normalised to the integral, (b) not nor-

malised and (c) selected pulse by pulse with the help of PDC from a third

crystal. If one considers θ ≈ 5 mrad, which corresponds to the first dough-
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nut of fig. 2.2, and θ′ ≈ 8 mrad, which corresponds to the second doughnut,

negative covariance is visible in the yellow circle for case (a).

Figure 4.10: Effect of normalisation of the intensity spectra to their integral (a),

of no normalisation (b), of pump pulses’ selection (c) on the covariance Cov(θ, θ′).

Yellow circles point out the principal differences. Negative covariance is visible in

black in the circle of the panel (a). Correlations appear at the same place for case

(b), but they are almost completely absent in (c). The power is 45 mW and the

azimuthal degree of freedom is eliminated by integrating over a range δφ = 9◦.

The normalisation of PDC intensity spectra to the integral enforces fluc-

tuations to be artificially modified. This can be explained with the help of

fig. 4.11, where a cross section of the averaged 2D intensity spectrum of the

PDC generated by the two crystals is shown. If the integral has been fixed

to a unity by the normalisation, every fluctuation above the mean value of

the intensity of the first doughnut must be accompanied by fluctuations of

the intensity of both second and other doughnuts below the mean value.

This is the exact explanation given in section 2.2 for negative covariance.

Now it is possible to recall figs. 2.3 and 2.4, which have been obtained by

considering two points in the covariance distribution in fig. 4.10 (a).

On the other hand, if normalisation is not carried out (panel 4.10 (b)),

at the same position (yellow circle) some positive covariance appear. This

might be due to the fact that fluctuations of the whole spectrum are due to

the fluctuations of the pump beam.

The third BBO crystal employed in the “pulse-selection” enhances the

pump power fluctuations exponentially. In fact, the mean number of photons

in (2.11) has a dependence sinh2
(
c
√
I
)
∼ e2c

√
I on the intensity, where c is a
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Figure 4.11: Averaged 1D intensity profile obtained as the cross section of the 2D

intensity spectrum in fig. 4.7 (b) for the two-crystals configuration. The intensity

is not exactly zero at the centre as expected, because experimental imperfections

in the two crystals might compromise destructive interference. The total intensity

is shown with blue filling under the curve.

constant dependending on the nonlinearity, the length of the crystal, and the

transverse size of the pump. By selection of pump pulses that produce PDC

from the third crystal within a certain energy range, the pump intensity

fluctuations are reduced.

Clearly if one selects too narrowly, the situation is similar to the nor-

malisation to the integral, because the pump intensity will be closer to a

constant. Careful selection leads to the elimination of surplus correlations,

as shown in the yellow circle of fig. 4.10 (c).

Similar behaviour is observed for the covariance Cov(φ, φ′) in fig. 4.12

(a), as negative values are observed if the intensity spectra are normalised

to the integral. In this case, correlated fluctuations of the intensity at the

same and the opposite azimuthal angles, φ′ = φ and φ′ = φ + π, induce

negatively correlated intensity fluctuations at φ′ = φ± π/2.
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Figure 4.12: Effect of the normalisation of the intensity spectra to their integral

(a) and of the pump pulses’ selection (b) on the covariance Cov(φ, φ′). The main

difference between the two panels is in the assignment of values to the colour code,

since (a) shows negativity in between the auto- and cross-correlation stripes, while

(b) shows none. The 2D distributions and the widths of stripes remain the same

for (a) and (b). The pump power is 45 mW, IF transmission centred at 710 nm

and the single-shot spectra are integrated over θ around the maximum of the first

doughnut in a range δθ = 2.2 mrad.

Fig. 4.12 (b) corresponds to the selection of pump pulses and the nega-

tivity disappears. The 2D distribution of the covariance remains the same,

but it just gets increased values in such a way that the lower value is zero.

This picture is in very good agreement with the theoretical prediction

in (2.25): an emission at angle φ is correlated with itself at angle φ or

equivalently φ + 2π as the first term in (2.25), while the addition of the

second term f2
0 (∆φ + π) explains the cross-correlation with opposite angle

φ± π.

4.3.2 Shapes and weights for radial modes

The results described in this section constitute the experimental identi-

fication of the shapes and the weights for Schmidt radial modes from the

2D covariance distribution at the pump power 45 mW.

As discussed in section 2.3.1, it is convenient to carry out the reconstruc-

tion using the auto-correlation part (2.19) of the 2D covariance. From the

square root of the distribution reported in fig. 4.10 (a, c), the singular-value

decomposition returns the shapes and weights of the strongest radial modes,
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shown in fig. 4.13.

Figure 4.13: Two strongest radial Schmidt modes reconstructed from the covari-

ance distribution in fig. 4.10 (a, c), obtained, respectively, with the spectra (a)

normalised to the integral and (b) obtained with pump pulse selection. The power

is 45 mW and azimuthal degree of freedom is eliminated with integration over φ

around φ0 = 0 in a range δφ = 9◦.

The shapes of the modes agree with the ones calculated from the theo-

retical simulations in ref. [13]. The reconstruction is possible for both ways

of eliminating the effect of the pump fluctuations: normalisation to the in-

tegral, fig. 4.10 (a), and “pulse-selection”, fig. 4.10 (b). The negativity in

the first case is thrown out by taking real part of the square root and the

reconstruction is still possible.

In both cases, radial modes in fig. 4.13 show little overlap between modes

with radial number p=0 and p=1, as assumed in section 2.3.2. The weights,

(72±5)%, (74±5)% for p=0 and (14±5)%, (11±5)% for p=1, slightly differ

from the ones calculated in ref. [13] (86% for p=0 and 9% for p=1) and the

reasons are still under investigation. Further modes obtained (p=2, 3, ...)

have been discarded, since their weights are below the estimated uncertainty

and the reconstruction might not be reliable.

The number of effective Schmidt radial modes evaluated with (2.8) is

Kradial =
1

Λ2
0 + Λ2

1

= 1.8± 0.2.
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4.3.3 Spectral filtering

Selection of frequency modes from PDC is performed in the setup (see

fig. 3.1) by a long-pass filter LPF1 with the edge wavelength 645 nm and by

interference filters with the centre wavelength 710 or 700 nm and a band-

width of 10 nm. In this way, degenerate and slightly non-denegerate PDC

are allowed to impinge on the detector.

For the third-harmonic radiation of the Nd:YAG laser employed ( wave-

length 354.6 nm), degenerate PDC is produced at the wavelength λs = λi =

2λp = 709.3 nm, as outlined in section 1.4. Differently, non-degenerate

PDC occurs when a signal beam is generated at wavelength ≈ 704 nm, for

instance, and the corresponding idler beam is at ≈ 715 nm (see fig. 1.2 for an

illustration). If the IF is centred around 710 nm, the transmission spectra

reported in fig. 3.3, indicates that both these beams are transmitted and

contribute to correlation measurements.

Conversely if the interference filter centred at 700 nm is employed, the

signal will be transmitted but the idler will be discarded. This asymmetry,

which can be artificially created between the frequency modes of PDC, is

very important for the reconstruction of azimuthal Schmidt modes (see the

next section).

The effect of this asymmetrical selection on the covariance distribution

Cov(θ, θ′) is shown in fig. 4.14 (a). The auto-correlation part of the covari-

ance remains the same if one compares with fig. 4.8, but the cross-correlation

disappears.

This difference is explained by considering the expression (2.15) for the

covariance for photon numbers N emitted in plane-wave modes. For the

case of interference filter centred at 700 nm, if one considers the signal at

≈ 704 nm and the idler at ≈ 715 nm as in the previous example, only the

signal contributes to the covariance and (2.15) reads

Cov (~q0, ~q0)|Ni=0 =
〈
N2
s (~q0)

〉
− 〈Ns (~q0)〉2 ,

Cov (~q0,−~q0)|Ni=0 = 〈Ns (~q0)Ns (−~q0)〉 − 〈Ns (~q0)〉 〈Ns (−~q0)〉 ≈ 0,
(4.6)

where two special cases have been considered, i.e. auto-correlation for

~q = ~q ′ = ~q0 (transverse wave vector pointing at the maximum emis-

sion probability of the signal beam at 704 nm), and cross-correlation for

73



CHAPTER 4. ANALYSIS OF THE RESULTS

Figure 4.14: The 2D covariance distribution (a) obtained from 1D intensity pro-

files integrated over φ around φ0 = 0 within a range δφ = 9◦, for the pump power

45 mW, IF transmission centred at 700 nm and “pulse-selection”. The covariance

shows blobs of correlation located only along the principal diagonal. The inset (b)

shows the standard deviation on the covariance distribution. The inset has the

same colour code.

~q = −~q ′ = ~q0, which is close to zero since the probability of finding the

signal at −~q0 is very low.

The same effects are visible in the covariance distribution obtained with

the removal of the radial degree of freedom in fig. 4.15, as the cross-correlation

stripes disappear.

4.3.4 Weights of the azimuthal modes

It has already been discussed that the covariance distribution in fig. 4.12

(b), obtained with 710 nm filter, has stripes that correspond to auto- and

cross-correlation. One difference with respect to the predicted covariance

distribution in (2.25) is that these two contributions are expected to have

the same strength, while fig. 4.12 shows evident unbalance between auto-

and cross-correlation.

This is easily explained with reference to fig. 3.3. The transmission

function of the IF, centred at 710 nm, has evident asymmetries around the
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Figure 4.15: The 2D covariance distribution (a) obtained from 1D intensity pro-

files integrated over θ around θ0 = 5 mrad within a range δθ = 2.2 mrad, for the

pump power 45 mW, IF transmission centred at 700 nm and “pulse-selection”. The

covariance shows the stripes of the auto-correlation but no cross-correlation. The

inset (b) shows the standard deviation on the covariance distribution. The inset

has the same colour code.

degenerate wavelength: the central wavelength is even higher than 710 nm

and there are ripples all over the spectrum. Hence the collected frequency

modes are not perfectly balanced, and this results in the difference between

the two contributions appearing in (2.25).

This feature constitutes one more free parameter in the determination

of the weights of azimuthal modes. One way to completely eliminate the

contribution of the cross-correlation is selecting PDC radiation with an IF

centred at 700 nm, which amplifies the difference between the two contri-

butions in (2.25), as shown in fig. 4.15. This represents a good solution, as

only the first term f2
0 (∆φ) of (2.25) is involved.

The results for the measurement of the covariance Cov(φ, φ′) for different

pump powers are shown in fig. 4.16. Here an IF centred at 700 nm has been

used, hence, the cross-correlation stripes are not present.

The effect of the walk-off of the pump (see appendix A) is visible in the

averaged 2D intensity spectra for 45 mW (a), 70 mW (b) and 90 mW (c),

as already explained in section 4.3. In addition, the intensity in the cen-
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tre is not zero for pump powers higher than 45 mW; in fact, the condition

for destructive interference has been fulfilled at 45 mW by tuning the dis-

tance between the two crystals, but the phase relations change as the power

increases, due to Kerr effect (see appendix B).

Figure 4.16: Averaged 2D intensity spectra are shown in panels (a-c) correspond-

ing to a distance of 15 mm between the two crystals, for IF transmission centred

at 700 nm and “pulse-selection” applied. The covariance distributions (d-f) are ob-

tained from 1D intensity profiles, which result from the integration over θ around

θ0 = 5 mrad within a range δθ = 2.2 mrad. The covariance profiles Cov(∆φ) (g-i)

are obtained by averaging the distributions in (d-f) along the lines φ′ = φ+constant.

Error bars are shown only for few points and are obtained by averaging standard

deviation on the covariance distributions in panels (d-f). Each column corresponds

to a different power: (a) (d) (g) 45 mW, (b) (e) (h) 70 mW, (c) (f) (i) 90 mW.

The stripes representing the auto-correlation, in the panels (d-f), are

modulated according to the walk-off effect.
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For the evaluation of the weights corresponding to p0 = 0, Λl0,1 it is

necessary to recall (2.25). Since the covariance is independent of φ and φ′

separately, but only depends on their difference ∆φ = φ′ − φ, it is possible

to make an average of the 2D covariance distributions along the parallel

lines with equation φ′ = φ+ constant, in order to obtain the covariance as a

function of ∆φ, as shown in panels (g-i). The similarity with the theoretical

predictions in fig. 2.8 is then clear.

The weights Λl0 are obtained by fitting the experimental curves in panels

(g-i) with the theoretical prediction (2.25), with the cross-correlation term

set to zero. Since the first four weights (l =0, 1, 2, 3) are significantly larger

than zero, they are extracted from the multidimensional minimisation of the

sum of weighted squared residues.

The results of the fitting are shown in table 4.1 and the weights are

in very good agreement with the ones reported in ref. [13], where high-gain

PDC is generated in the same way. In this reference, the experimental values

of the weights of the azimuthal modes are obtained by the phase flattening

technique [78] (see results in table 4.2). Theoretical simulations, performed

in the same paper and reported here in table 4.3, provide further opportunity

for comparison.

Before concluding it is important to recall the estimate of the number of

the effective spatial modes ms = 9± 3, calculated in section 3.2, in order to

compare it with the results just obtained. The number of effective Schmidt

azimuthal modes evaluated with (2.8) for the pump power 45 mW is

KOAM =
1

3∑
i=0

Λ2
i

= 4.5± 0.3,

which multiplied by the number of effective Schmidt radial modes, Kradial =

1.8 ± 0.2, gives a total of 8 ± 2 spatial modes. Hence, these results are in

good agreement with the estimate.

1Weights for p0 = 1 are not studied here, because they are relevant only to the case of

45 mW average pump power.
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Pump power

45 mW 70 mW 90 mW

Weights

Λ00 (34± 3)% (41± 3)% (45± 3)%

Λ10 (22± 3)% (23± 3)% (24± 3)%

Λ20 (6± 3)% (4± 3)% (2± 3)%

Λ30 (3± 3)% (1± 3)% (1± 3)%

Table 4.1: Results of the experimental reconstruction of the weights Λl0 (l =0, 1,

2, 3) of the azimuthal modes from data reported in fig. 4.16.

Pump power

45 mW 70 mW 90 mW

Weights

Λ00 (28± 1)% (36± 3)% (41± 8)%

Λ10 (20± 1)% (20± 2)% (20± 5)%

Λ20 (8± 1)% (7± 1)% (5± 2)%

Λ30 (3± 1)% (2± 1)% (1± 1)%

Table 4.2: Experimental values of the weights Λl0 (l =0, 1, 2, 3) of the azimuthal

modes, obtained in ref. [13] by means of the phase flattening technique.

Pump power

45 mW 70 mW 90 mW

Weights

Λ00 31% 39% 42%

Λ10 20% 23% 23%

Λ20 7% 5% 4%

Λ30 2% 1% 1%

Table 4.3: Results of a simulation (ref. [13]) for the weights Λl0 (l =0, 1, 2, 3) of

the azimuthal modes.
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Conclusions and outlook

In this work, PDC radiation has been generated with a nonlinear inter-

ferometer: two BBO crystals separated by an air gap have been placed into

a common pump beam in order to achieve destructive interference in the

direction collinear to the pump direction.

The experimental reconstruction of the spatial Schmidt modes for the

resulting radiation has been the aim of this work and several conclusions

can be drawn. The most important and original results can be summarised

as follows.

• Further confirmation on the entanglement manifested by nearly collinear

PDC radiation has been given through the observation of single-shot

spectra and the measurement of the covariance. Signal and idler beams

in the two crystals’ configuration have been observed to be produced

with opposite transverse wave vectors, i.e. opposite azimuthal angles

as expected.

• The pump intensity fluctuations have been identified and isolated from

the PDC intensity fluctuations, that are the only ones of interest for

the reconstruction of the spatial Schmidt modes. The two methods

employed, i.e. the normalisation to the total integral of PDC generated

by the two crystals and the selection of the energy of the pump pulses,

proven to be both successful for the elimination of spurious fluctuations

coming from the pump. In addition, the second method has been

demonstrated to be more reliable, since it results in a non-negative

distribution for the covariance, which is coherent with the theory.

• The reconstruction method of spatial Schmidt modes has been proven
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to require only the measurement of 2D intensity spectra. In particu-

lar, the reconstruction of the radial and azimuthal Schmidt modes has

been performed by integrating within small ranges over the spatial de-

grees of freedom, respectively, the azimuthal or the radial angle. This

procedure turned out to be efficient to obtain meaningful 2D covari-

ance distributions, instead of 4D ones that can be obtained without

the integration procedure.

• The use of interference filters enabled PDC spectral selection, which

simplifies the reconstruction of the weights of the azimuthal modes.

In fact, the use of unbalanced frequency modes of PDC radiation has

been proven to be useful to get rid of the cross-correlation terms, thus

requiring less fitting parameters for the determination of the weights.

• The shape of the first two strongest radial modes for a pump power

of 45 mW, with the radial quantum numbers p = 0 and p = 1, have

been retrieved, even if slight differences persist with respect to theo-

retical predictions. The determination of the weights shows a certain

discrepancy with the results of the numerical simulation. These issues

might be due to the fact that the reconstruction method needs to be

refined, especially for large radial angles.

• The weights of the azimuthal modes Λlp with p = 0, l = 0, 1, 2, 3

for different pump powers 45 mW, 70 mW and 90 mW have been

determined and found to be in good agreement with both theoretical

predictions and measurements carried out with a different procedure,

within the experimental uncertainty range.

The reconstruction method studied in this work might be applied in the

future to other types of light. Retrieval of spatial Schmidt modes is im-

portant for several other cases, for instance thermal light or non-perfectly

coherent light, as the modes highlight correlations and fundamental proper-

ties of fluctuations under study.

It would be interesting to evaluate the experimental 4D distribution of

the covariance, instead of distributions with reduced dimension, because it

has never been done before. The decomposition of such covariance might
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be possible thanks to multilinear singular value decomposition [69]. This

might enable the retrieval of the information about the factorability of the

two-photon amplitude of PDC radiation in the two spatial variables, the

azimuthal and radial angle.
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Appendix A

Birefringence and walk-off

Birefringent materials can be described in the framework of classical

optics in the plane wave approximation. They are non-isotropic materials

whose refractive index is dependent on the polarisation of the EM field,

which is the direction lying in the plane perpendicular to propagation direc-

tion, along which the electric field oscillates.

Among these materials lie the so-called uniaxial crystals, where a spe-

cial direction exists, called optic axis or c-axis. A light field polarised in

this direction experiences index of refraction called extraordinary ne, while

refractive index experienced is no (ordinary) if the polarisation lies in planes

perpendicular to c-axis. If ne > no, the crystal is called positive, and conse-

quently negative if ne < no.

A more general and complete description is obtained combining Maxwell’s

equations for uniaxial case and monochromatic field, like in ref. [79]. In this

fashion, one can find the allowed values for ~k for a given ω and consequently

the possible indexes of refraction, since k = nω
c . The solution is given by

two ellipsoids for refraction index, whose section is pictured in inset (a) of

fig. A.1, describing propagation of the field. If the beam is polarised in the

plane described by ~k and c-axis, it is called extraordinary ray (e-ray), if it

polarised perpendicular to this plane ordinary ray (o-ray). These two solu-

tions correspond to constant energy density surfaces and depict branching

of electric field in o- and e-ray , whose propagation direction is not the same

and has to be determined.
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Figure A.1: Possible solutions to propagation in a negative uniaxial crystal (a) and

effect of walk-off (b). The sections of the ellipsoid for extraordinary refractive index

and spheroid for ordinary one, show graphic determination of directions for electric

field ~E, electric displacement field ~D, auxiliary magnetic field ~H and Pointing vector

~S, for both ordinary and extraordinary rays, if ~k of radiation forms an angle Θ with

c-axis. Angle δ is angle of separation between the two rays, whose wavefronts follow

~k, but birefringence leads to their separation d if the crystal has thickness t.

The vectors in fig. A.1 (a) have been drawn according to Maxwell’s

equation. On the tangent plane to the sphere of radius no, at the intersection

with ~k, lies the polarisation direction of the ordinary ray, perpendicular to

c-axis, and the experienced refractive index is no no matter the reciprocal

position between ~k and c-axis. Possible e-rays have an effective refractive

index neff in between no and ne, depending on the angle the wave vector

forms with c-axis

neff (Θ) = no

√√√√ 1 + tan2Θ

1 +
(
no
ne

)2
tan2Θ

, (A.1)

and polarisation is proven to be at the intersection of tangent plane to the

ellipsoid, where it is crossed by ~k, and the plane in which c-axis and ~k lie.

Since the two rays have different refractive index and consequently dif-

ferent group velocity inside the material, they will also have divergent paths

as shown in panel (b) of fig. A.1. Ordinary ray follows the wave vector ~k,

while the e-ray follows the direction of the “extraordinary” flow of energy,

given by Poynting’s vector ~Se = ~Ee × ~He [30], with ~H being the magnetic
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field. The wavefronts instead will remain unchanged.

The calculation of the angle δ between ~k and ~Se is a geometrical problem,

which leads to

δ = arctan

[
(n2
o − n2

e) tan Θ

n2
e tan2 Θ + n2

o

]
, (A.2)

and d = t tan δ is the separation between the two rays at the end of a crystal

with thickness t. This phenomenon is often referred as walk-off, since the

direction of energy flow of e-ray is tilted with respect to the wave vector.

84



Appendix B

Kerr effect

This phenomenon takes into account the change of the refractive index

of a material in response to an applied electric field (not necessarily EM

radiation). Here the focus is put on optical processes and the theory is

being reported from ref. [29].

Considering an isotropic material as an example, the electrical suscep-

tibility for monochromatic excitation depends only on the modulus of the

electric field E =
∣∣∣ ~E∣∣∣

χ̃(E) = χ(1) + 3χ(3)E2, (B.1)

because χ(2) is zero for centrosymmetric materials, higher-order “odd” χ(2n+1)

are negligible. Tensor products bring multiplicity factors, like the three in

this equation.

This shows that, in the evaluation of the refractive index, a correction

proportional to the intensity of the field I needs to be taken into account:

n = n0 + n2I, (B.2)

with the linear index n0 =
√

1 + χ(1) and the nonlinear one n2 = 3χ(3)

4n2
0ε0c

.

For N-BK7 glass, which is the material of the lenses used for this work,

n2 = 3.4 · 10−16 cm2/W, and consequently a mean intensity of 10 GW/cm2

can induce a change at the fourth digit of the refractive index. Even air has

a non-zero nonlinear index, estimated to be n2 = 5 · 10−19 cm2/W.

This results in a modification of the predicted focusing of the beam.

Moreover the variation of the refractive index of the pump inside the BBO
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crystals employed in the setup leads to phase shifts between the two emis-

sions of PDC, as the power increases. For a fixed distance between the two

crystals, the condition for destructive interference along the pump beam axis

changes, when the power is changed.
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Phase matching for β-barium

borate

First grown by Chen et al. [80], barium borate (BaB2O4 often abbrevi-

ated BBO) in its β phase is a negative uniaxial crystal [81] with refractive

indices

ne(355 nm) = 1.5775,

no(355 nm) = 1.7056,

no(709 nm) = 1.6645,

(C.1)

and it has fairly large nonlinear elements of the tensor d [82]:

d22 = (2.22± 0.09) · 10−12 m/V,

d15 = (0.16± 0.08) · 10−12 m/V.
(C.2)

Phase matching angle between the pump wave vector and the optic axis of

the crystal, for degenerate type I case (1.7), can be found using (A.1), (C.1)

and the result is Θpm = 32.95◦, experimentally confirmed by ref. [83].

This leads to a separation angle between ordinary and extraordinary ray

δ = 3.95◦ and d = 138 µm, according to (A.2) and assuming thickness of 2

mm for crystal.

Moreover β-BBO possesses the point group symmetry 3m [81], also

known as C3v, characterised by symmetry around a three-fold rotation axis,

plus three mirror planes parallel to this axis [84], which is also coinciding
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with its c-axis [81]. If a material belongs to this group, the effective nonlinear

coefficient for type I phasematching can be determined with the formula [85]

deff = d15 sin Θ− d22 cos Θ sin(3Φ), (C.3)

where Θ is the angle between the pump wave vector and the optic axis,

while Φ being the azimuthal angle measured from an axis perpendicular to

both the optic axis and one of those symmetry mirror planes. For Φ = π/2

and phase matching for degenerate type I, the best nonlinearity is deff =

1.95 · 10−12 m/V.

C.1 Alignment of the crystals

The phase matching, which depends on the angle between the pump wave

vector and the optic axis, is reached with the help of a second temporary

Glan prism used as an analyser. Assuming the impinging field is linearly

polarised in the horizontal direction, this prism is oriented so that only

vertical polarisation can pass through. Therefore a minimum of the intensity

is observed on a screen.

BBO crystals employed have been cut by the manufacturer in a slab such

that specific type of phase matching can be achieved, i.e. their optic axis

lies at a certain angle to the entrance face. If one lets the wave vector of

the pump beam ~k to be perpendicular to this face, with a rotation mount

shown in fig. C.1 it is possible to make the c-axis rotate around ~k and lie in a

horizontal plane or in the vertical plane. These two positions, at 90 degrees

one from the other, are the only ones that allow the horizontal polarisation

of the pump to remain the same, since they correspond to purely ordinary

or extraordinary refractive index. Every other position will introduce a

phase delay between the ordinary and extraordinary components like in a

waveplate and will induce a change in polarisation.

The first BBO crystal is placed and then rotated until one of these two

position is reached, i.e. minimum of intensity on the screen is observed. Fine

tuning of the angle in the horizontal plane between the entrance surface and

~k (i.e. the phase matching angle between the c-axis and ~k described in

section C) might allow collinear PDC to be observed on the detector. If not,
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Figure C.1: Two BBO crystals 2 mm thick. The mounts allow one to redirect

the c-axis in the space, such that phase matching conditions can be satisfied.

ordinary polarisation for the pump might have been chosen and the rotation

mount must be rotated by 90 degrees to obtain extraordinary polarisation,

as required from type I phase matching.

The adjustment of the vertical plane allows c-axis to lie perfectly in the

horizontal plane.

The alignment of the second crystal is done in the same way, but ensuring

that the first crystal is put in the 90◦-shifted configuration.
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Shutter and damage

threshold

The shutter portrayed in fig. 3.1 after the prism pair is useful for avoiding

the burning of the crystals, because it is closed for a certain amount of time

and remains open for the rest of the time. Although BBO has a very large

range of transparency, in which 355 nm is included, and at this wavelength

there is no intrinsic process of absorption [81], surface quality, impurities

of the crystal and secondary excitations might lead to an increase of the

temperature [86].

High power employed for the pump beam might damage the medium if

the convection of heat is not fast enough compared to the excitation. For

instance, mean power of ∼ 50 mW is proven to be harmless if an opening

time of 180 s and closing time of 15 s are chosen, but further investigation

must be done if one wants to maximise the number of intensity measurements

and minimise the acquisition process time.

Another complication follows from the fact that the source employed is

pulsed, so the mean power does not correspond to maximum instantaneous

power, which the crystal undergoes. Damage threshold is defined to be the

lowest intensity that might result in irreversible deterioration, but it is very

much variable for each manufactured crystal or the pulse duration of the

laser. Here some examples are given as an approximate idea of the order of

magnitude.
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At 1064 nm, where crystal has same transmission as at 355 nm, damage

threshold for BBO is claimed to be 13.5 GW/cm2 for a pulse width 1 ns [81],

or at 355 nm it is claimed to be 5 GW/cm2 for a pulse width 10 ns [87] and

the website of a manufacturer states 1 GW/cm2 for a pulse width 10 ns [88].

This parameter usually increases for shorter pulses, as probably the crystal

undergoes heating in a shorter amount of time.

The mean power of the laser used in the experiment is 〈P〉 = 45±1 mW,

measured with a power meter, which results in E = 〈P〉 /ν energy per pulse,

considering that the laser is pulsed at ν = 1 kHz. Since the pulse duration

(power FWHM see fig. D.1) is τp = 25 ± 3 ps and the spot is focused with

FWHM = 180 ± 9 µm, the peak intensity impinging on the crystal within

the pulse is

Ppeak

A
=
E
τp

√
4 ln 2

π

4

π FWHM2 = 6.8± 1.7
GW

cm2
,

where it has been assumed for each pulse to have peak power Eτp

√
4 ln 2
π and

for the pump to have a circular beam width of radius FWHM
2 . The error has

been estimated as the sum of the relative errors of the physical quantities

involved in the estimation.

This suggests extreme caution when dealing with these powers, since the

reported damage threshold is very close to this result. However experimen-

tally it has been possible to even use a mean power of ∼ 140 mW without

damaging the crystals employed in this setup, being careful of reducing

opening time of the shutter.
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Figure D.1: Temporal Gaussian power profile of a pulse with a standard deviation

σt. The pulse duration τp is FWHM of this profile and the energy in the pulse is

given by the area under the profile and evaluated with a simple Gaussian integral.
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